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Preface

These are my scribed notes from Yale’s STAT 669: Statistical Learning Theory course taught by
Dr. Omar Montasser during the Fall 2025 semester. Please contact me| for any questions or errors.

Enjoy!


mailto:anish.lakkapragada@yale.edu

Chapter 1

PAC Learning and VC Theory

1.1 Course Logistics (Lecture 1)

We start the class by introducing our names & majors before getting into objectives of this course.
Omar also covers the syllabus (recommended prerequisites, grading, and Al policy) before going
over a roadmap of the things we will cover. Okay, let’s start!

1.2 Introducing the Statistical Learning Theory Framework (Lec-
ture 1)

We now introduce the statistical learning theory framework where we have the following objects:

e Domain X (e.g. X = R%) where each z € X is called an “instance”

Label Space Y (e.g. Y = {£1} or Y = R)

Unknown source distribution D over X x Y. This is an assumption on the data generating
process (formed by “nature” or “reality”).

Goal: find a predictor b : X — Y with small expected error Lp(h) := Py, y.p{h(x) # y}.

Access to an oracle: We have an i.i.d training sample S = {(z;,y;) }[*; drawn from D (notated
by S ~ D™)

Restated, our goal is to create some learner A : (X x Y)* — Y, where the « denotes a variable-
length sequence of X x Y (i.e. our dataset) and Y¥ is the set of all functions mapping from X to
Y.

Omar notes that we will first start by assuming that any instance x € X has a “ground-truth”
label, as opposed to a case where D allows for 50% probability mass on (z,+1) and (z,—1) (such
a case could happen to to reflect uncertainty in the label of x). More generally, we will start with
these strong assumptions in the bulleted list above and relax them later.

It’s worth emphasizing two main assumptions about our data within this framework:

e We observe i.i.d training samples from (unknown) distribution D.



e Future (unseen) examples are drawn from the same distribution D.

The second point is easier to forget.

Expected vs. Empirical Error. Let’s look a bit more closely at our objective: minimizing our
expected error

LD(h) = P(:t,y)wD{h(x> 7é y} (11)
Why not minimize this directly? Answer: we don’t assume access to the data distribution D.
Hence, given some sample S we use the empirical error:
1 m
Ls(h) = —>  1{h(z;) # i} (12)
i=1
as our proxy to D. While this is a typical setup in machine learning, it leads to the following
questions:

e How should we use the empirical error?

e Is it a good estimate for the expected error? And how good?

Specifically, we are interested in their difference:

(1) ~ Ls ()| = [P yp (h(a) # y} — = > 1{0(w:) # ui)| (13

i=1
Please recognize that the empirical error Lg(h) is a random variable as it is a function of the

randomly drawn dataset S ~ D™ whereas Lp(h) is just a population statistic. The relationship
between the two should be more clear from the below quick exercise:

V h:X — {£1} with D over X x {£1}, show that Eg..pm[Lg(h)] = Lp(h) (1.4)

But this is not a useful fact as its an asymptotic, and we are more interested in the difference
in the case of a finite dataset size m. Thus, we often use tools like concentration inequalities (e.g.
Hoeffding’s) to create bounds like the below for some fixed h and m:

Bspn|Ls(h) — Lp(h)| > d < 2exp(—2¢%m) (L5)

Or restated equivalently (i.e. define § := 2exp(—2¢>m) and “invert” the probabilities),

Bspn(Ls(h) — Lo()] < \/ "> 1 (1.6)

From this expression it should be clear that as m — oo, our expected difference between
expected and empirical error goes to zero.


https://en.wikipedia.org/wiki/Hoeffding%27s_inequality

1.3 Consistent Learning Rule Bound for Finite Hypothesis Class
(Lecture 1)

Before actually creating another bound ourselves, we structure our problem even more with some
prior knowledge/decisions we make:

o We restrict ourselves to a subset of functions from X to Y called our hypothesis class H C Y.
Examples of H are given below:

— Linear Predictors
— Support Vector Machines (SVMs)

— Neural Networks

H will represent our “prior knowledge” or “expert knowledge”. For example, if our domain
X is a set of images we would likely consider using a convolutional neural network (CNN) as
our H as CNNs perform well on this kind of data.

e Assume some true function y = f*(z) where f* € H. Our learner A will know H but not f*
(it will have to learn this function!).

e As an implication of the above assumption, we will say a sequence ((x;,v;))i", is realizable
by H if the true function f* € H gives matching ground truth predictionsE]

Having established these assumptions, we are now ready to put them to use by creating our
own bound!

Warm-up: Finite Classes. Consider the following assumptions:

e [ is finite

e D is realizable by H (i.e. 3 f* € H s.t. Lp(f*) = P )~plf*(z) #y] =0)

Note that, as stated before, we cannot minimize zmlr} Lp(h) directly and instead must work on
€

our sample S ~ D™. We present the following definition:

Definition 1.1. We have a consistent learning rule (CLR) when for any input S = {(zi,yi) }1" 1,
we can output any h € H s.t. Vi<i<m, h(x;) = yi.

Then, we have the following question. If h:= CLR 1(S) for some consistent learning rule CLR

on hypothesis class H, what can we say about Lg(h)? It should be zero, but does this imply that
Lp(h) =07

Here’s a closely-related example: consider some h where Lp(h) = % This is a bad function that
is correctly 50% of the time in truth. But Pg.pm[Lg(h) = 0] > 0 # 0, meaning 3 S s.t. Lg(h) =0
(i.e. we can be fooled to think A is good on some sample S.) Thus, we now create a bound for

a finite hypothesis class to control Lp(h) on some CLR-learned h.

!Mathematically speaking, this means Vx;, f*(x;) = y» == Ls(f*) = 0. This realizability assumption is
non-trivial and we will discuss it further in the course.


https://en.wikipedia.org/wiki/Convolutional_neural_network

Derivation of CLR bound for finite hypothesis class. Fix any function h € H. We define
€ s.t. Lp(h) > e. We proceed with the following steps:

o We first can find the probability of the bad event (Lg(h) = 0) below: [}
Ps~pm[Lg(h) = 0] = [[;Z) Ps~om{h(zi) = yi} = [[Z1(1 = Lp(h)) < (1 — €)™ < exp(—em)
e But this is just one bad function € H! We can a group of bad functions with B, :={h € H :

Lp(h) > €} € H. Then to get the probability that any CLR-learned function is “bad” we
can use a unton bound:

PSNDm[CLRH(S) € Be] < ]P’SNDm[H h € Be: Ls(h) = 0] (1.7)
< ) Psupm[Ls(h) = 0] < [B|e ™ < |[H[e ™. (1.8)
hEBE

e We can then set § := |H|exp(—me) and invert the expression to arrive at [Theorem 1.2} So
to ensure CLRy(S) ¢ B. <= CLRpy(S) < € with probability > 1 — § for some predecided

d € (0,1), we will need m(e,d) = w many sample
Pat yourself on the back! We resummarize this bound in the following theorem:
Theorem 1.2 (CLR Bound with (¢, ¢) fixed). For any finite class H, any (realizable) distribution
D, any (e,6) € (0,1)%, with m = w, we have:
Pspm[Lp(CLRy(S)) <€ >1-4§ (1.9)

Choosing to take the perspective that our number of samples m is fixed and so we are interested
in the lowest possible error we can achieve w.h.p, we can use the following theorem:

Theorem 1.3 (CLR Bound with m fixed). For any finite class H, any (realizable) distribution D,
any 6 € (0,1),m € N:

_ In|H| +1n(1/5)

Ps~pm[Lp(CLRH(S))

- |>1-6 (1.10)

This constitutes the first learning guarantee that we have derived. Note that in our derivation
we did not pay much attention to the implementation or procedure of the CLR, which will depend
on H. We also used the realizability assumption, which has some implications:

e What if there is no predictor h € H s.t. Lp(h) =07

e In such a case, can we use with minycg Lp(h)?

2The last argument here is done using Bernoulli’s Inequality.
3To get this expression, solve for m in terms of §.



In response to the second point, we will soon look at empirical risk minimization where:

.1
ERMpg(S) = argmin 5l (w%:es 1{h(z;) # yi} (1.11)

So given some function h := ERM #(S), you might be wondering if it will satisfy our Hoeffding
bound:

. R In(2/6
Bspn(Ls(h) — Lo()] < /") 21 (1.12)
The answer is no. This is because that bound operates on a fixed h seen a priori before our
sampled data, whereas h is a function of the data (e.g. h is a random variable) and so the inequality
does not apply.
Note on Overfitting. Furthermore, while the set of cases where |Lg(h) — Lp(H)| > %
may only have § probability w.r.t. S ~ D™, they all add up and so given many {h;}2X, C
H,Pg.pm[3ist. |[Lp(h;)— Ls(h;)| is large] is not small. Thus, we want a stronger guarantee that
w.h.p all empirical errors Lg(h) are close to their expected errors Lp(h):

P pm|Vh € H : |Lg(h) — Lp(h)| > ¢ < ... (1.13)

This is known as uniform convergence.

1.4 Uniform Convergence & the Probably Approximately Correct
(PAC) Framework (Lecture 2)

We start by giving our first attempt at a uniform convergence bound:

Theorem 1.4 (Hoeffding-derived Uniform Convergence Bound for finite H). For a finite hypothesis
class |H| < 0o, we have the following uniform convergence bound from the a priori Hoeffding bound:

Pg~pm [Hh € H: |LD(h) - Lg(h)| > 6} < |H| : PSNDWHLD(h) - Ls(h)| > 6] = 2|H| exp(—26(2m) )
1.14

Defining 6 := 2| H| exp(—2¢e?m) and solving for m, we arrive at the data-form of this bound:

Theorem 1.5 (Theorem 1.5 for fixed (€,0)). For any finite hypothesis clas |H| < oo, any distri-
bution D, any (e,8) € (0,1)? we have:

Ps.pm[Vh € H:|Lg(h) — Lp(h)| < ¢ >1-14 (1.15)

where m(e,d) = 7111‘}[';;1;1(2/6).

Note here that in contrast to our CLR bound we will require 6% samples as opposed
to % So removing the realizability assumption means that we will need more samples. Omar notes
that we will explore a relaxed realizability assumption that leads to m = O(%) in our homework.

From these bounds, we can create some ERM-specific bounds:

5



Theorem 1.6 (ERM “Post-hoc” Guarantee for finite H). For any finite class H, any distribution
D, any 6 € (0,1),m € N, with probability > 1 —§ over S ~ D™, we have:

In|H|+ In(2/4)
2m

Lp(ERMp(S)) < Ls(ERMy(S)) + \/ (1.16)

Proof. We can invoke [Theorem 1.5 with ¢ = w to have > 1 — § probability that

Vh € H : |Lp(h) — Lg(h)] < e. But ERMy(S) € H = Lp(ERMg(S)) < Ls(ERMg(S)) + €
with > 1 — § probability. So we are finished. O

Theorem 1.7 (ERM “A-Priori” Guarantee for finite H). For any finite class H, any distribution
D, any 6 € (0,1),m € N, with probability > 1 —§ over S ~ D™,

In|H| + In(2/5)

2m

Lp(ERMp(S)) S}zl‘lgiﬁLD(h)+2\/ (1.17)

Proof. Note that by definition of ERM, ¥ h € H, Ls(ERMy(S)) < Lg(h). Furthermore, V h € H :

Lg(h) < Lp(h) + € with > 1 — ¢ probability. So with > 1 — ¢ probability we have:

Y h e H,Lp(ERMp(S)) < Ls(ERMp(S)) +e < Lg(h) + € < Lp(h) + 2¢

see proof of [Theorem 1.6|
We apply min; to both sides of this inequality to arrive at the theorem. ]

Before moving forward, we point out the following concepts of approximation and estimation
error shown in [Theorem 1.7

e The approximation error minycy Lp(h) reduces with richer/larger hypothesis classes H

e However, these expanded hypothesis classes will demand more samples in order to maintain
In |H|+1n(2/6)

the same estimation error 2 5

We now move onto formally defining Probability Approximately Correct (PAC) learning,

which Omar notes won a Turing Award. We provide the following two definitions:

Definition 1.8 (Realizably-PAC-Learnable Hypothesis Class). A hypothesis class H is realizably-
PAC-learnable if there exists a learning rule A s.t. V(e,d) € (0,1)2,3 m(e,8) € N,V distributions
D s.t. infpey Lp(h) =0,

Po pmies [LD(A(S)) < e >1-0 (1.18)

Note that this type of PAC-learnable hypothesis class is distribution independent, meaning the
bound applies for any data distribution D that is realizable (i.e. infncg Lp(h) = 0). Dropping the
realizability assumption for H, we provide another PAC definition for a hypothesis class:

Definition 1.9 (Agnostically-PAC-learnable Hypothesis Class). A hypothesis class H is agnostically-
PAC-learnable if there exists a learning rule A such that ¥(e,d) € (0,1)%,3 m(e,d) € N,V distribu-
tions D,

Py pes {LD(A(S)) < inf Lp(h) +¢} 215 (1.19)

6



Looking at [Definition 1.8 and [[heorem 1.2] we get the following corollary.

Corollary 1.10 (Finite classes H are realizably-PAC-learnable with CLR.). All finite classes H
are realizably- PA C-learnable using CLR with sample complexity

_ In|H|+In(1/9)

€

m(e, d)

Similarly looking at [Definition 1.9| and [Theorem 1.7, we arrive at the following corollary:

Corollary 1.11 (Finite classes H are agnostically-PAC-learnable with ERM). All finite classes H
are agnostically-PAC-learnable using ERM with sample complexity

In |H| + ln(1/5)>

€

m(e, §) =o<

So we have established that all finite hypothesis classes are realizably and agnostically PAC-
learnable. Now what about infinite classes? And can we learn with less samples than log-cardinality
(i.e. m(e,8) < In|H|)? The answer is yes, and we now begin our study of the legendary VC
Dimension.

1.5 Vapnik-Chervonenkis (VC) Dimension (Lecture 2)

We first start by developing some technology of the growth function. For C' = (z1,...,x,,) € X™,
define the restriction (or projection) of H onto C' as:

H|c = {(h(z1),...,h(xm)) | h € H} (1.20)

We can then define the growth function as Iy (m) = maxcexm |H|c|. We look at a few examples
to understand how this growth function works:

e X ={1,...,100}, H = {£1}*. Then we have I'y(m) = min(2™, 2109).

o X ={1,....2109 H={1[x<6] |6 c{1,...,219}} will have T'y(m) = min(m + 1,2!9)

The idea for both these two examples is that when two of the data points are the same (i.e.
m > |X|), they must be labeled identically and so the growth function hits a limit. Moreover,
we should observe that both function classes in these examples have the same cardinality but that
the growth function I'y(m) can distinguish between them (H is a lot more complex in the first
example, and hence has the higher growth function.) As a teaser for future results, the growth
function gives us the following result which we will later prove:

Theorem 1.12. (Growth Function Data Bound for Realizable Distribution)
For any hypothesis class H, any (realizable) distribution D, any (¢,8) € (0,1)% with sample
complexity:

m(e, 8) = o( (1.21)

with probability > 1 — & over S ~ D™%) we have that Yh € H : Lg(h) =0 = Lp(h) <e.

In[T,(2m)] + 1n(1/5)>

€

7



We also have a similar theorem in the case that D is not realizable, where m(e, ) 6%:

Theorem 1.13. (Growth Function Data Bound for any Distribution)
For any hypothesis class H, any distribution D, any (¢,8) € (0,1)? with sample complezity:

m(e,8) = O <ln[Fh(2m)€]2+ 1n(1/5))

with probability > 1 — & over S ~ D™ we have that Vh € H : |Lp(h) — Ls(h)| < e.

(1.22)

The main thing to notice here is that we are no longer having our sample complexity m(e, §)
tied to In |H|. So now we do not require our bounds to be finite, and can work with infinite function
classes!

Vapnik-Chervonenkis (VC) Dimension. Using the technology we have so far, we are ready
to define the VC dimension. We say C' = {x1,...,2,,} is shattered by H if |H|c| = 2™, i.e. the
projection contains all 2™ possible labelings. The VC-dimension of H, denoted by vc(H) is the
largest number of points that can be shattered by H:

ve(H) = max{m € N: T'g(m) } (1.23)

—om
We say vc(H) is infinite if H is inﬁniteﬂ and Vm, 'y (m) = 2™. We now practice in class with
a few examples of the VC Dimension:

e X ={1,...,100}, H = {+1}*.

o X ={1,....,2100 H={1[z<0]|0€{1,...,219}}.
e X=R, H={1z<6]|6€cR}.

e X=R, H={lla<z<b]|a,beR}.

e Axis-aligned rectangle (in RY).

Note that in order to show that the ve(H) = k, we must show that we can shatter some set of
k points but no set of k + 1 points.

We now transition from introducing the VC dimension to beginning a long journey to proving
hypothesis classes with finite VC dimension are PAC-learnable.

1.6 PAC-Learnability of Hypothesis Classes with Finite VC Di-
mension (Lecture 3)

We begin with an extremely famous lemma used to bound the growth function:

“If H is finite, ve(H) < log, |H| as g (m) < |H| (see definition.)
SSPOILER: Answer is four. Any set of five points will have an “interior point” in the convex hull and so you
cannot make all boundary points be class one but the interior point be class zero.



Lemma 1.14. (Sauer-Shelah-Perles Lemma) If ve(H) = d, then for all m:

Th(m) < é (T) (1.24)

In particular, when m > d, we have T'g(m) < (em/d)? = O(m?).

Note that when m < d,T'g(m) = 2™, which is expected by definition of the VC dimension d.
The second part of the lemma, the case in which m > d, helps us gain more information on the
growth function beyond just the fact that it is < 2. More specifically, we see that the number of
“behaviors” (i.e. |H|c|) is on the order of m? for m > d, meaning it shifts from exponential growth
(i.e. 2™ for m < d) to polynomial (i.e. m? for m > d)ﬂ We will prove this lemma by actually
proving the following stronger statement:

Lemma 1.15. (Pajor’s 1985 Refinement of Sauer-Shelah-Perles Lemma) If ve(H) = d, then for
all C € X™ we have:

|H|c| < |{B C C: H shatters B} (1.25)

Note that given this refinement is true, then the fac {B C C : H shatters B}| < Z?:o (")
implies So we now prove [Lemma 1.15|

Proof. We prove this with induction. We start with our base case, when m = 1 and C = {x;}.
Then |H|c| = 1if all h € H classify z1 the same and so only § € {B C C : H shatters B} as z7 is
not shattered. If |H|¢| = 2, then {z1} is shattered and so {B C C : H shatters B} = {0, {z1}}. So
in both cases, we have a strict equality. Thus the base case is satisfied. We now proceed with the
inductive step, assuming that this inequality holds for all k¥ < m, and we W'TS it holds for m. We
start by defining C' = {z1,..., 2y} € X™ and C' = {z9, ..., Ty}, which is just C with 21 removed.
Now consider:

A:{(y277ym) : (+1ay2)-"aym) €H|C or (_1,y2;~-7ym) €H|C}

and

B:{(yQaaym) : (+1ay2>"'ay'm) 6I_I|C' and (_1ay27"'aym) €H|C}

Then first note that each element in A/B contributes only one labeling to H|c whereas each
element in B contributes two labelings to H|c. Thus, |H|c| = |A/B| + 2|B| = |A| + |B|. Also
observe that A = H|¢» as A C H|cr by construction and every (y2,...,Yn) labeling in H|c is in
A. By our induction hypothesis, it holds that:

|A| = |H|c| < |{S C C': H shatters S}| =[{S C C:x1 ¢ S and H shatters S}|

We can then define H' C H as the set of all functions with a “twin” for labeling z1:

5Omar notes that this is what makes learning possible. This statement should make more sense by the end of this
lecture.

"This inequality is true because Z?:o (") gives the number of subsets of valid shatterable size (i.e. 1,...,d) of m
points, which in our case is C.



H ={heH:3hW €Hst. h(x;)=1—h(x1) and Vi € [2,m],h'(z;) = h(z;)}

Quite elegantly, we have B = H'|¢r as it is the labelings of C” generated from only those func-
tions in H' which would produce both labels on 21 € C' (i.e. the set of functions H’). Furthermore,
note that if H' shatters any subset of C’, that means it could shatter that subset and x;. So we
apply our induction hypothesis once more:

|B| = |H'|cr]| < [{S C C": H shatters S}| =|{S C C": H' shatters S U {z1}}|
=|{S CC:x €8 and H' shatters S}| <[{S C C:x, € S and H shatters S}|

We can combine the above two inequalities for |A| and |B| to arrive at:

|H|c| =|A|+ |B| < |{SCC:x1 ¢S and H shatters S}|+ |{S C C : 2z, € S and H shatters S}|
= |{S C C: H shatters S}|

which finishes the proof. O

So applying the Sauer-Shelah-Perles lemma (for when m > d) to (1) the growth function sample
complexity bound for realizable distributions stated in and (2) the distribution-
agnostic growth function sample complexity bound stated in , we arrive at the
following corollary:

Corollary 1.16. (Infinite Hypothesis Classes with finite VC Dimension are PAC-learnable.) Any
hypothesis class H with finite VC dimension is:

1. Realizably-PAC-learnable using ERM with sample complezity:

H)In(1 In(1
m(e. o) :O(UC( ) In(1/€) + In( /5)> (1.26)
€
2. Agnostically-PAC-learnable using ERM with sample complexity:
H) +In(1
m(e, 8) :o<”6( ); ul /5)> (1.27)

This is a big result in statistical learning theory. The realizable sample complexity bound above
was derived from so now is probably a good time to actually prove
We will not prove the agnostic case bound in as it is similar. We restate the theorem
below (boxed), in the version we want to prove, before starting its (long) prooﬁ

In[['z(2m)] +1n(2/9)

Pg.pm[Vh € H: Lg(h) =0 = Lp(h) <2 [>1-46 (1.28)

8Omar presented a brief primer on the Chernoff concentration inequality before starting this proof, which might
be helpful.
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Proof. We first define ¢ = 2ln[rH(2mTZL]+ln(2/5). Given a set S = {(x;,y;)}", of m examples, define
the event

Ag = {Hh € H: LD(h) > 6/\L5(h) :0}

Our goal is to show that Pg.pm[As] < e. Now let us consider drawing two sets S, S’ of m
examples each. We can define the event:

Bsg ={3heH: Ly(h) > %/\Lg(h) =0}

Now note that Pg g.pm[Bg g] is > %]P)SNDW [As]. The reason for this is that Pg s/ pm[Bg /] =
Ps~pm[As] - Pssiwpm[Bss | As] and Pgg.pm[Bss | As] > % by a Chernoff bound as long as
m > 8/e. Thus, given this fact note Py g.pm[Bg g/] < % implies our goal.

Now consider another experiment where we draw a fixed set S” of 2m examples, and then
(randomly) partition S” into two sets S, S’ each of cardinality m. Now define another event:

CS”,S/,S = {Hh € H: le(h) > % A Ls(h) = O}

It should be intuitive to see that Pgu.pem[Csr s g1] = Pggwpm[Bgg] and so it suffices to
show Pgn.p2m[Csr gr.¢/] < §/2. Note that for a fixed S”, this is equivalent to showing that
Pg sipm[Csr s7.5] < /2. To do so consider the following:

1. With S” fixed, we only need to consider the projection of H onto the z’s (i.e. datapoints)
that appear in S”. So there are at most I'y(2m) labelings we need to consider, as I'gy(2m) is
the maximum number of labelings for any set of 2m datapoints, such as S”.

2. For each such labeling, we need to show that the probability of being perfect on S but have
error > ¢/2 on S’ is low. We will then union bound.

We proceed by fixing a labeling h € H|g». We can assume that h makes at least “5* mistakes on
S", as otherwise Pgn.p2m [Cgr g1 ¢/] = 0 < §/2 and so our proof is finished. Now when we randomly
split S” into S and S’, what is the chance that all these mistakes land in S? Consider the following
analogy. We can partition S” by randomly pairing the points together (a1,b1),. .., (am,bm). Then,
for each pair (a;, b;) we can flip a coin where (i) heads mean a; goes to S and b; goes to S’ and (ii)
tails mean vice versa. Observe that if there is any pair (a;, b;) in which h makes a mistake on both
of them then the chance that all htese mistakes land in .S is zero. Otherwise, the probability that
all mistakes land in S is at most (%)em/ 2 as there is a 50% chance of each of the > ¢ mistakes
landing in .S based on this coin flip procedure.

Because this was for an arbitrary labeling, we apply a union bound over all possible labelings
in H|gn:

Pgi..p2m [CS”,S’,S] <T'y(2m)- 9—em/2
and so to conclude the proof just solve for m(e,d) s.t. Ty (2m) - 272 < §/2. O

Continuing forward with our exploration, we are interested in the following questions:

1. Are there classes with infinite VC dimension that are PAC-learnable?

11



2. Can we learn with fewer samples than VC dimension?

3. Are there any hypothesis classes that are not PAC-learnable?

We now tackle the first question through the statistical no-free-lunch (NFL) theorem, which
shows that no hypothesis class with infinite VC dimension is PAC-learnable.

Theorem 1.17 (Statistical No Free Lunch). For any hypothesis class H, any learning rule A, and
any € < 1/4, there exists a (realizable) distribution D such that if

m< P =1 (1.29)
8e
then
Es~pm[Lp(A(S))] = € (1.30)

Note that this gives us a VC-dimension based lower bound on the required sample complexity
m(e, ) for Eg.pm[Lp(A(S))] < e. Thus, this means m(e,d) is bounded both above (i.e.
lary 1.16) and below by something o vc(H), or, equivalently, that our sample complexity bounds

in |Corollary 1.16|should really be of the ©(...) kind as opposed to O(...).

Proof. Pick d = vc(H) shatterable points xj,...,x24. Then define discrete distribution P with

probability mass 1 — 4¢ on x; and mass d4f1 on all other points. Now because these d points are

shatterable = we have 2¢ behaviors from H == we have 2¢ possible target functions. Now
pick a random labeling from the 2¢ possible target functions. Then from definition of Lp we have:

Es~pm[Lp(A(S))] = P[mistake on some test point] > —IP[test point ¢ S]

N =

where the last inequality is because P[mistake on test point] = P[test point ¢ S A mistake on test point]
and P[mistake on test point] > 0.5 as we have given this test point a randomly chosen label (you
can’t predict better than 50%). Continuing forward we have:

d d
P[test point ¢ S] > Z]P’[test point is z; A x; ¢ S] = ZIP’[test point is z;] - P[test point ¢ S | test point is ;]
=2 1=2
d
4e 4e de 4dme 1
= (1 - ™= 4e(1 — > 4e(1 — >4e(l— =) =2
;d—1 Wmgp)" =l g 2l = gy 2l = g) = 2

The first inequality comes from the fact we are not considering the case in which the test point
is x1. Furthermore, note the use of Bernoulli’s inequality in the penultimate inequality and our
assumed bound on m in the last inequality. From this, we have Eg.pm[Lp(A(S))] > e. O

So we can present the following theorem, which is a restatement of all we have shown so far:
Theorem 1.18 (Fundamental Theorem of Statistical Learning). For any hypothesis class H with
finite VC dimension d = ve(H) and any €,d € (0,1):

12



e H is (realizably)-PAC-learnable with sample complezity:

d~|—ln(1/5)> |

€

m(e, §) :@(

e H is (agnostically)-PAC-learnable with sample complexity:

d+ln(1/6)) |

g2

m(e, §) :@<

e H satisfies uniform convergence with sample complexity:

d+ln(1/6)> |

g2

m(e, 8) :@(

We will next time start with understanding what it means for something to be efficiently PAC-
learnable.
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Chapter 2

Computational Aspects of PAC
Learning

2.1 Efficient PAC Learnability (Lecture 4 & 5)

We give the following first attempt at defining what it could mean for a hypothesis class to be
efficiently PAC learnable:

Definition 2.1 (Efficiently PAC-Learnable Definition Attempt). A hypothesis class H is efficiently-
realizably-PA C-learnable if there exists a poly-time computable learning rule A such that (e, d) €
(0,1)%,3 m(e,d) € N where VD s.t. infrey Lp(h) =0 we have:

By_prcca[Lp(A(S) < d > 16 (2.1)

The natural question here is what the runtime is polynomial in? Is A(S) polynomial in the
dataset size |S|? But this is a “cheatable” definition, as if the runtime of A is o 2! we can simply
just draw m/ (e, §) := 2% many samples but have A only use log, m/ (€, §) of them. So the runtime
of A appears to be o< m/(e,d) = |S| now. Or do we mean the runtime should be polynomial in e~!
or 6~ '? What we decide that we really want is that the runtime of A should be polynomial in “the
size of the problem”, which we will be clear shortly.

To understand this, we will start by studying a family of hypotheses classes {Hp},en over
{Xn}nen. Usually X,, grows with n, such as X,, = {0,1}" or X,, = R", but sometimes X,, is
fixed (e.g. X, = R%). Note that regardless, we are using binary labels Y = {£1}. With this
construction, we can give a more precise definition of efficiently PAC-learnable:

Definition 2.2 (Efficiently PAC-Learnable over hypothesis class family). A family {H,}, is
efficiently-realizably-PAC-learnable if there exists a learning rule A such that ¥n,¥(e,§) € (0,1)2,
dm(e, 0) € N where VD s.t. infpep Lp(h) =0 we have:

Pg pmees[Lp(A(S)) < €] >1—46 (2.2)
and A can be computed in runtime poly(n,1/e,log[1/4]).
The first thing we should notice is that this definition clearly necessitates A to scale polynomi-

ally with the problem complexity (i.e. n,1/e,log[1/d] are all proportional to the difficulty of the
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problem.) Another thing is that because A’s runtime is bounded below by the number of samples,
if {H,},, is efficiently PAC-learnable = m(e, §) < poly(n, 1/¢,log[1/d]).

We now consider another perspective. Rather than thinking about our algorithm A as taking
samples S, imagine our algorithm has access to an O(1) sampling oracle of our data distribution D.
In math, we think of this as A(D,¢,d) where A can sample from D in unit time using this “oracle.”
Taking this perspective, m(e,d) is then the number of times A has to use this oracle to arrive at
< € expected risk with > 1 — § confidence. With this perspective, we see that there is still room in

for multiple views on what A’s output should be:
e View 1: A(-) outputs a progranﬂ that maps X,, — Y that will run in poly(n,1/e,log[1/4]).
o View 2: A(S,z) or A(D,¢,d,z) will output prediction y = h(z).

e View 3: A(:) outputs a description of h € H (e.g. a decision tree.) Formally speaking, we
assume A outputs w € {0, 1}* with description length |w| < poly(n, 1/¢,log[1/d]) where there
exists a poly-time algorithm B(w, x) > hy(x).

So the kinds of things we are looking at when talking about an efficiently PAC-learnable algo-
rithm A are its runtime to produce a function/program, the runtime of this program, and/or the
description length of this program.

You might be wondering what hypotheses classes will satisfy meaning that they
are efficiently PAC learnable. For now, we will worry about the case in which the hypothesis class
is realizable. To start, Omar notes that halfspaces are efficiently PAC-learnable, which can be
shown through convex/linear optimization. If we consider polynomials as nonlinear feature maps,
then through a “degree-lift” of the halfspaces, we can show that polynomials are efficiently PAC
learnable. We finish this discussion by focusing on the family of conjunction hypothesis classes,
which we introduce now2t

Xn = {O? 1}n, Hn - CONJn = {:IZ = (/\jEJ'r(j)) A (/\ieli'(i)) | Ja-[ c [n]}7 Yn = {il}

So for a fixed n, our instance space is a binary string of length n and our hypothesis class is
an AND (i.e. A) of ANDs over indices I and ANDs over indices J. As an example, we could have
h(z) = x(5) Nx(12) ANZ(7) € Hyp. A natural question then is what the VC dimension of H,, is. For
this, note that the size of H, is 3" and s’}

VC(Hn) < log |Hn| = log(3n) = O(n)

As per our VC realizable data bound [Theorem 1.12| this means that we can learn with m(e, d) =
O(%(I/é)) samples. We now show that we can efficiently learn on this task through the following

O(mn) algorithm:

e We take input S = {(x;,y;)}", of m samples

!The word “program” is defined here through the Turing Machine terminology.

*Notation: 7 := 1 — 2, and z(i) € {0, 1} gives the ith index z € X, = {0,1}".

3The reason |H,| = 3™ is that for each index i € [1,n], when constructing some function h € H, we have three
options: (1) include z (%) in h, (2) include Z(i) € h, (3) neither do (1) nor (2). Note that doing both (1) and (2) will
lead to h = 0, and hence it is not an option.
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o We first initializd’| h = AP, [2(i) A 2(i)] € H,
e Now for the ith sample, we check if y; = 1. If so then for 1 < j < n:

— Define z; to be the ith sample. If x;(j) = 1, we will remove Z(j) from h as its presence
causes h(z) =0#y;, = 1.

— Similarly if z;(j) = 0, we will remove x(j) from h.
Note that this algorithm after running will result in an h € H,, with Lg(h) = 0. This should
remind us of a type of algorithm we have looked at before — a consistent learning rule (Definition 1.1])!

Observe that in showing that hypothesis class CONJ,, is efficiently PAC learnable, we have used
the following recipe:

Theorem 2.3 (CLR Recipe to conclude that something is efficiently PAC-learnable ). If ve(H,,) <
poly(n) and there is a poly-time algorithm implementing the CLR for {Hy,},, then we have that
{Hpn}n is efficiently-PAC-learnable.

Proof. 1f ve(Hy,) < poly(n) = m(e,0) < poly(n). Furthermore, the runtime of the CLR in
this case (which will by definition will satisfy all < e,> 1 — § constraints) is < poly(n). So our
algorithm will take < poly(n) to read all samples and < poly(n) to give the CLR-learned function
= the algorithm satisfies all efficient PAC-learnable constraints in < poly(n) time = {H,},
is efficiently PAC-learnable. O

But perhaps the converse question is more interesting;:

If Vn, H, is efficiently-PAC-learnable = is there a poly-time CLR for H,?

We will return to this question later. We move onto considering a more complex 3-Term DNF
function class H,,:

H, = {Tl VvV Ty V T3’T1, T5,T5 € CONJn} (23)

As an example of a function in this hypothesis class:

h(.r):(xl/\.732/\.1,‘3)\/(f4/\§35/\f6)\/($7A1’8/\x9/\f10)EHn

We once again have:

ve(Hy) < log|Hy| < log|(3")°)

So we can learn this problem with poly(n,1/e,log[1/d]) samples. But can we do so efficiently?
We start with the claim that finding a consistent hypothesis in H,, is NP—hardﬂ Thus, assuming
that P £ NP, this means that there is no polynomial time algorithm for decidingﬁ if there is a CLR
on H,. Keeping this thought in mind, we introduce efficient proper PAC-learning:

“Note that this is just taking I = J = [n].

®Omar gives a very involved proof in the slides, which reduces the problem to the problem of graph 3-colorability,
which is NP-complete.

SRecall that if finding something is NP-hard, then the corresponding decision task will necessarily also be NP-hard.
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Definition 2.4 (Efficiently Properly PAC-Learnable Hypothesis Class Family {H,},). A family

{Hpn}n is efficiently-properly-PAC-learnable if there exists a learning rule A such that ¥n, (e, d) €
(0,1)%,3 m(e,d) € N where VD s.t. infrey Lp(h) =0 we have:

Pgpmes[Lp(A(S)) < €ef 2146 (2.4)

where A can be computed in time poly(n,1/e,log[1/d]), and A always outputs a predictor in Hy,.

We will now take a look at the algorithmic hardness of proper learning on any hypothesis class
family. We start with the decision task of seeing if a consistent hypothesis on a given dataset.

Hardness of Proper Learning. For a family {H,}, consider the following decision problem:

CONSp,(S)=1 <= Jhe€ H,st. Ls(h)=0
We present the following theorem:

Theorem 2.5. If H,, over X,, = {0,1}" is efficiently-properly-PAC-learnable then CONSy, (S) €
RP.

In words, we are saying that if any arbitrary H,, over our binary string instance space X, is
efficiently-properly-PAC-learnable, then there exists a (randomized) algorithm B with polynomial
runtime in n where for any input dataset S we have:

P[B(S) = 1| CONS, () = 1] > + > % and P[B(S) = 0 | CONSy, (S) = 0] = 1

0| =3

Proof. Let A be an efficient-proper-PAC-learning algorithm for H,,. Now consider the following
algorithm B upon receiving input S:

1. Define h := A(D,¢,8) € Hy, where D = Unif(5),e = ﬁ,é = é. Such choice for D means

Lp(h) = Lg(h).
2. Check if Lg(h) = 0 by evaluating h on all (z,7) € S.

3. Return Lepg(hy=0)
Time to analyze this algorithm B! First note if CONSg,, (S) =0 = B outputs 0 (since in this
case Vh € Hy, Lg(h) > 0). Now assume CONSg, (S) = 1. Then with probability > 1 —¢ = 7/8,

~

Lp(h) = Lg(h) <e< ﬁ But Lg(h) cannot be nonzero and smaller than ‘—é' = Lg(h)=0.In
this case, B would return 1.

Note that because A is an efficient-proper-PAC-learning algorithm, the runtime of B (our ran-
domized algorithm to solve CONSy, (S)) is polynomial in n and 1 ~ [S|. Thus CONS, (S) €

RP. O

So switching back to our example where H, is a 3-term DNF, we have proved the following
corollary:

Corollary 2.6. If RP # NP, then H,, (3-term DNF) is not efficiently properly PAC-learnable.
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Proof. BWOC, if H,, (3-term-DNF) is efficiently properly PAC-learnable = CONSy, (S) €
RP = 3COLOR € RP = RP = NP, which is a contradiction. O

Now assuming RP # NP, we restate [Theorem 2.3] and [Theorem 2.5| for any arbitrary family
{Hp }n:

1. If ve(H,) < poly(n) and there is a poly-time algorithm implementing consistent learning
= H, is efficiently-properly-PAC-learnable.

2. If solving CONSp, (S) is NP-hard = the family {H,}, is not efficiently-properly-PAC-
learnable.

What about ¢improper learning algorithms, where we allow the algorithm to output something
outside the hypothesis class? Furthermore, if a family H, is efficiently-properly-PAC-learnable,
what can we say about H, C H,? Is H, efficiently-properly-PAC learnable? We continue this
exploration further with our same 3-term DNF H,, family. Recall:

H, = {Tl V Ty \/T3|T1,T2,T3 € CONJn}

Note that for an example function in this class:

h(.ﬁlf) = (.%'1/\1'2/\1‘3) vV (54/\52‘5/\56) V (1‘7/\.%8/\.%‘9/\.f10).

can also be represented as:

h(x) = (1'1\/.f'4\/$7)/\($1\/.f'4\/$8)/\(.%'1\/.f4\/£L’9)/\($1\/i’4\/:Z‘10)
/\(:El\/.i‘5\/.%'7
N(x1VZgVay

(.%1 V Z5V xs ($1 V Z5V g (iL'l V Z5V Z10

x1V IV I8 x1V ZeV g x1V Ze V T10

oV Iy VX7 o VT4V I8 o VT4V g o VT4V T1g

xo V5V 7 xoVIs5Vxs oV I5V g xo V I5V T1g

x3V T4V 7 3V T4V Iy x3V T4V g x3V ITaV Z1o

x3 Vx5V a7 x3V T5V xg 3V T5 V X9 x3V T5V T10

)
)
)
)
)
)
)
)

> > > > > > > >

—_— — — — — — — —

A
A
A
A
A
A
A
A

— — — — — — — —

A
A
A
A
A
A
A
A
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x3V xg Va7 3V Tg V X3 x3 V Tg V X9 x3V Tg V T10

So based on this representation, we are making the following claim:

3-term DNF,, € 3CNF,, = {A;_,L; | L; is a disjunction of 3 variables, and r € N}

We now make a second claim, that 3CNF,, is efficiently-properly-PAC-learnable. Our reasoning
for this is as follows:

e There are (2n)? possible disjunctions of 3 variables (i.e. the number of L;’s, or )

e Treat each of these as a single new variable in a lifted space. Similar to defining a feature
map: ¢(x) = (r1VraVas,...,Tn-2V Tn-1V Tp).
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e We now run the algorithm for consistently solving conjunctions in the lifted space.

e We have O(n?®) many variables in this lifted space and a sample complexity of O(n?/e) (recall
the VC dimension on CONJ,, is n so sample complexity O(n/e¢) required.) Thus the runtime
of using this algorithm is O(n?) * O(n3/€) = O(n/¢), which is polynomial in n and 1/e.

This gives us the following corollary:
Corollary 2.7. 3-term DNF, is efficiently-improperly-PAC-learnable.

The reason for this is because we can learn any 3-term DNF consistently, except that we will
get a 3-term CNF, which is not necessarily a 3-term DNF. Furthermore, note that the cardinality
bound on the VC dimension gives us a theoretical sample complexity of O(n/e¢) for the 3-term
DNF,,. However, finding a consistent hypothesis in the 3-term DNF,, family is NP-hard. But by
transforming 3-term DNF,, into the 3-term CNF,, family, we can find a consistent hypothesis but
with a larger sample complexity of O(n3/€). This is a computational-statistical tradeoff: we have
to use more computation in order to achieve better statistical results.

We finally finish this lecture with a discussion of our previously posed H,, C H] question:

o If H, C H]

no

then

— If H) is efficiently-PAC-learnable,
x then H,, is efficiently-PAC-learnable.
— If H,, is not efficiently-PAC-learnable,
* then H/ is not efficiently-PAC-learnable.
— If H, is not efficiently-properly-PAC-learnable,
* then H/ is 777.

As an ending question, we will want to consider if there are any hypotheses classes that are not
efficiently PAC-learnable, even improperly. If they do exist, how would we prove that they are not
efficiently PAC-learnable?

Hardness of Improper Learning. In general, to conclude that a family of hypotheses classes
is not efficiently-PAC-learnable (even improperly), we must show that this family can solve a
cryptographic problem that is assumed to be computationally intractable. For example, assuming
the cryptographic “Discrete Cube Root” is computationally intractable, then the class of log-
depth polynomial-size circuits (AND/OR networks) will not be efficiently-PAC-learnable as if it
was, it would imply that this cryptographic problem is tractable (which is a contradiction by our
assumption. )

We now move onto efficient-proper agnostic learning, where we do not assume distributions to be

realizable. We present the following definition, which is the agnostic counterpart to

Definition 2.8 (Efficiently Properly Agnostic PAC-Learnable family {H,},). A family {H,}»
is efficiently-properly-PAC-learnable in agnostic setting if there exists a learning rule A such that
Vn,V(e,8) € (0,1)%,3 m(e,8) € N where YD we have:

Pg, pmes[Lp(A(S)) < }hg Lp(h)+¢>1-4§ (2.5)
1EHp

where A can be computed in time poly(n,1/e,log[1/d]), and A always outputs a predictor in Hy,.
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We now give the following computational conditions for efficient agnostic learning, which are of
an ERM-flavor compared to what we have seen before:

1.

2.

3.

If ve(H,) < poly(n) and there is a poly-time algorithm implementing ERM for {H,,},, —
{H,}n is efficiently-agnostically-properly-PAC-learnable.

If H,, is efficiently-agnostically-properly-PAC-learnable then AGREEMENT, (S) € RP,
where AGREEMENT, (S, k) is the following decision problem:

AGREEMENTy, (S, k) =1 <= 3 h € Hy,Ls(h) <1— |§|
(Contrapositive of above.) If RP # NP and solving AGREEMENTy, (S) is NP-hard =
the family {H,}, is not efficiently-agnostically properly-PAC-learnable.

You might wonder which hypotheses classes are efficiently properly agnostic learnable:

Poly-time functions? No, not even in the realizable case.
Poly-size depth-2 neural networks? No, not even in the realizable case either.

Halfspaces (linear predictors)? Note that in the realizable case, halfspaces are efficiently
PAC learnable but in the agnostic case, AGREEMENTy is NP-hard = not efficiently-
agnostically PAC-learnable.

Conjunctions? No (but efficiently PAC-learnable in the realizable setting as per|Theorem 2.3))
Unions of segments on the real line?

- X, =1[0,1], H, = {z — VI 1la; <z <b;] | a;,b; € [0,1]}
— Yes, efficiently properly agnostically PAC learnable.

As a preview of what’s to come, Omar notes that one way the community has bypassed these
computational hardness results is to design surrogate losses. For example, instead of using the
zero-one loss £%'(z,y) = 1[yz < z] (which our classical risk Lp and Lg typically uses), we can
define losses which upper bound ¢°'. Examples:

Squared Loss: £(z,y) = (z — y)?

Hinge Loss: ¢(z,y) = max(0,1 — yz)
Logistic Loss: £(z,y) = log(1 + exp(—yz))

Ezxponential Loss: {(z,y) = exp(—yz)

As a closing for this chapter, we consider the following thoughtful question. If neural networks
& deep learning are not efficiently PAC-learnable, why do they perform so well, that too with
local search procedures such as Stochastic Gradient Descent (SGD)? This should naturally imply
that the problemsm where deep learning is thriving are not those worst case problems which will
determine if a hypothesis class is efficiently-PAC-learnable.

n

problems” here are broadly referring to the data distributions D.
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Chapter 3

Non-Uniform Learning

3.1 Non-Uniform Learning over Countable Hypothesis Classes (Lec-
ture 5)

We now transition from PAC learning to the study of another learning paradigm of non-uniform
learning. Observe that hitherto, we have placed a uniform prior over H, where we are a priori
assuming each h € H to be equally likely. Now imagine instead if we placed a prior p : H — [0, 1]
where ), -y p(h) < 1.

Note that this is a general way for us to encode our prior knowledge of this problem. For
example, we may want to induce some sort of bias towards “simpler” functions, so p(h) will encode
“simplicity”. Or we may have a bias towards predictors with shorter explanations, so p(h) will
encode “description length”. As an aside, these principles are all at a high-level related to Occam’s
Razorl

Suppose we go with the latter option of having a bias for a shorter description. Furthermore,
we will assume that H is countable. We can then define a bit-descriptor function d : H — {0, 1}*,
which is essentially a description language for H that is prefiz-free, meaning that Vh,h' € H,d(h)
is not a prefix of d(h’). Then we can define our simplicity-biased prior, p(h) = 2719 where by
Kraft-McMillan’s Inequality| we hav YoheaP(h) =2 hen 2~ ld(h)l < 1,

Now we are ready to consider the following learning rule of minimum description length (MDL):

MDL,(S) = argmaxLS(h)zop(h) = argminLS(h):0|d(h)]

Essentially MDL gives us the consistent hypothesis that is most aligned with our prior, or
equivalently has the shortest description length possible. We now present the following (realizable)
learning guarantee for MDL:

Theorem 3.1 (MDL Learning Guarantee). For prior p over a countable H s.t. » , yp(h) <1
(e.g. p(h) = 2714WI for a prefiz-free d), any 6 € (0,1),m € N, and any distribution D s.t. 3 h* € H
where Lp(h*) = 0, with probability > 1 —§ over S ~ D™ we have:

Lo (MDL(S) < In(55m) +In(L/8)  In(2) - d(h*)| + In(1/5) 51)

m m
1Observe that our assumption that d is a prefix-free language enables us to use this inequality.
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The main thing to notice here is that this MDL guarantee tells us that learning happens at an
inversely proportional speed to |d(h*)|, or the length of the best predictor h*.

. In(1/p(h)+In(1/)

Proof. For any h € H where we have Lp(h) > ¢, , we will have:

Pg~pm[Ls(h) =0] < (1 — €)™ < exp(—epm) =p(h) - §

This is using the same arguments in the derivation of our first ever learning guarantee [['heo-
em 1.2
So now we apply a union bound to get:

Ps~pm[3h € H : Lp(h) > 4 A Lg(h) = 0] < Prep[Ls(h) =01 < > p(h)d < 6
heH
where inverting the probabilities yields the desired form. Finally, observe that this was for any
h € H. Now set h = MDL,(S) and apply this bound. Because 3 h* € H s.t. Lp(h*) =0 =
p(MDL,(S)) > p(h*) by definition of MDL. Thus we can loosen this upper bound by using p(h*)
instead of p(h) = p(MDL,(S)). This arrives us to the desired conclusion. O

Note that this is a very strong result, as it applies to countable hypothesis classes. Example
classes that are countable include:

e Class of all computable functions.

e Class numberable with n : H — N where we use p(h) = 27"

However, the VC dimension of all computable functions is infinite! So doesn’t this imply that
all computable functions are not PAC-learnable, as their required sample complexity m/(e, §) would
be inﬁniteEI? The reason there is no contradiction is that from we can see that
the sample complexity for MDL is given by m(e, d, h). While PAC-learnability requires a sample
complexity that works uniformly (no pun intended) across all h € H, non-uniform-learnability as
we will soon see does not have this requirement. Note however that this does not always mean
learning is feasible in the non-uniform setting. For example, |d(h*)| is very big = m(e, d,h)
would be large as the p(h*) term would be very small.

We now present the definition of a hypothesis class being non-uniformly-learnable, which is

nearly identical to an agnostically-PAC-learnable hypothesis class ([Definition 1.9)):

Definition 3.2 (Non-uniformly Learnable Hypothesis Class). A hypothesis class H is non-uniformly-
learnable if there exists a learning rule A such that ¥(e,8) € (0,1)2,Yh € H,3 m(e, 8, h) € N where
VD,

PSNDm(e,(s){LD(A(S)) <Lp(h)+e>1-¢ (3.2)
From this, we arrive at a corollary for MDL’s sample complexity:

2See Fundamental Theory of Statistical Learning, [Theorem 1.18
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Corollary 3.3 (MDL Sample Complexity Corollary). For any prior p over a countable H s.t.
Yonp(h) <1 and any h* € H, with sample complexity:

ln(p(,ll*)) +1n(1/6)

€

m(h*,€,6) =

for any distribution D s.t. Lp(h*) =0, we have:
Pgpm[Lp(MDL,(S)) <€e >1-19§
Structural Risk Minimization (SRM). So far we have only discussed learning guarantees in

the realizable setting. We now generalize to consider the agnostic setting. Given a prior p over H,
it is not too hard to show that with probability > 1 — d over S ~ D™, we have:

In(1/p(h)) + In(2/6)

2m

Vh € H,Lp(h) < Lg(h) + \/

where Lg(h) is minimized by ERM and \/ /P EE/) 5 minimized by MDL. Because we
want to minimize this upper bound, its natural to define the following “structural risk minimization”

(SRM) learning rule SRM,,(S):

In(1/p(h))
2m

SRM,,(S) = argmin,c gy Ls(h) +

We can see that SRM is trying to balance fitting the data with matching the prior. Similar
to our previous learning guarantee for MDL in the realizable case, can present the
following SRM learning guarantee

Theorem 3.4 (SRM Learning Guarantee over Countable Hypothesis Class). For prior p over a
countable H s.t. 3, -y p(h) <1, any distribution D, any 6 € (0,1),m € N, with probability > 1—0
over S ~ D™ we have:

(3.3)

Lp(SRMy(S)) < inf <LD(h) L \/1n(1/p(h)2)m + 1n(2/5)>

We now aim to generalize beyond our cardinality-based bound to uncountable classes.

3.2 Non-Uniform Learning over Uncountable Hypothesis Classes
(Lecture 5)

One such uncountable hypothesis class could be

H = {z —sign(f(z)) | f: R? = R is a polynomial}

where ve(H) = oo. Observe that because H is uncountable, there is no valid prior p possible
that satisfies V,egp(h) > 0, where we require this condition to ensure that any hypothesis can be
learned. But we still want our learning to have an inherent bias towards simpler predictors — for
example, what if we could bias towards polynomials in H with lower complexity?
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Priors over Hypothesis Classes. Our first attempt is to use priors over entire hypothesis
classes, meaning that we will decompose H = | J,cr H;, where H, is the set of degree r polynomial
functions. We then can have a prior p(H,) over these H, hypothesis classes.

Now just using the VC Dimension bound we know that Vr, choosing 4, we have:

Ps.pm|Vh € Hy : Lp(h) < Ls(h) + €] > 1 — 6,, where ¢, = o<\/VC(H’“) i 1“(1/5”)

m

Then setting 6, = p(H,) - 6 and taking a union bound over all r hypothesis classesﬂ we will
have:

H,) +In(1/p(H,)) + In(1/5)

Ps.pm[Vr,Vh € H, : Lp(h) < Lg(h) + €;] > 1 — 0, where ¢, = O<\/VC(
m

)

Once again wanting to optimize this upper bound ¢,, we can arrive at the following form for an
SRM-style learning rule:

H,)+In(1/p(H,))

SRM,,(S) = argmin,. ¢y, Ls(h) + C\/VC(

Note that when H, = {h,} = vc(H,) = 0, and so this would reduce to the standard SRM
guarantee over a countable class, up to constants. Conversely, when all prior mass is concentrated
on a give hypothesis class (i.e. p(Hy,) = 1), then this would simply reduce to our ERM bound over

H, (Corollary 1.16|). Thus, using our decomposition of H into countably many hypothesis classes
with prior p(H,) = 27", we can arrive at the following non-uniformly-learnable sample complexity:

m(e,5,h) = O (ddeg(h) + deg(h) + In(1 /5))

€

To see how we got this result, see the above boxed result and note that » = deg(h) and thus we
simplify vc(H,) as diee(),

We now shift to any general hypothesis class H that we can decompose into { H, },cn. Generally
speaking, in practice we will have have vc(H,) be monotonically increasing whereas In(1/p(H,))
is monotonically decreasing. Thus, SRM can be viewed as a bi-criterion optimization problem of
minimizing Lg(h) + r(h), where r(h) = min{r € N : h € H,}. Omar notes that we can add a
A € R parameter in front of 7(h) to control SRM’s regularization and trajectory (i.e. there is a A-
controlled tradeoff between minimizing r(h) and Ls(h).) Furthermore, we can present the following
general theorem (which we will not prove):

Theorem 3.5 (Non-Uniformly-Learnable <= H is a Countable Union of Finite VC Hypothesis

Classes). A hypothesis class H is non-uniformly-learnable <= H 1is a countable union of finite
VC classes, or H =,y Hr where ¥r, ve(H,) < oo.

Before concluding this section, we present a relaxed version of non-uniformly-learnability by
allowing the sample complexity to change based on the data distribution D:

3The way to see this is that Ps~pm[3 r,h € H, s.t. Lp(h) > Ls(h) + €] <> 6 =63 p(H,) < 6.
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Definition 3.6 (Consistently-Learnable Hypothesis Class). A hypothesis class H is consistently-
learnable if there exists a learning rule A such that ¥(e,§) € (0,1)2,Vh € H,YD,3 m(e,8,h, D) € N
where:

]P)SNDm(e,s){LD(A(S)) < LD(h) + 6} >1-6 (34)

Note that this definition is not trivial, meaning that there exists domain X and a hypothesis
class H that is consistently-learnable but not non-uniformly-learnable. We now shift to discussing
another famous approach for non-uniform learning on uncountable hypothesis classes.

PAC-Bayes Theory. As opposed to placing a prior over hypothesis classes, another approach
is to place a prior (not necessarily discrete) over H itself. This is known as PAC-Bayes.
We start by defining a randomized/average predictor hg (i.e. h is sampled from distribution

Q) as:

hq(z) =y w.p. Proglh(z) # y]

Where we define the expected error of this random predictor hg as:

Lp(hQ) = E(xy)~n[Er~@lin(z)2y]

With this new technology and idea of hypotheses sampled from a distribution, we present the
famous PAC-Bayes generalization error bound:

Theorem 3.7 (PAC-Bayes Generalization Error Bound). For any class H and any prior distribu-
tion P over H, any distribution D over X XY, any § € (0,1), m € N with probability > 1— ¢ over
S~ Dm:

KL(Q || P) + log(2m/9)
2(m —1)

V posterior distributions Q over H : |Lp(hg) — Lg(hqg)| < \/ (3.5)

First observe that this bound is only non-vacuous when supp(Q) C supp(P), as otherwise the
KL(Q || P) term would blow up. To emphasize the generality of priors P allowed, observe:

e Suppose we have finite H with P ~ Unif(H)

— For @ being a point mass on some h € H,KL(Q || P) = log|H]|, as would be expected

(Theorem 1.4)).

e For discrete distributions P and point mass distributions @, KL(Q || P) = log(1/P(h)),
which matches our MDL bounds [Theorem 3.1

e For continuous P (e.g. over linear predictors or polynomials), if @ is a point mass then

KL(Q || P) is infinite.

Finally, Omar finishes by noting that the given upper bound on the generalization error in the
PAC-Bayes bound [Theorem 3.7 alludes to yet another SRM-style algorithm to minimize Lg(hq) +
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AKL(Q || P). It has actually been found that the solution to this minimization problem for any
fixed A is Qx(h) < P(h)exp(—nLg(h)) for some “inverse temperature” 7.

That concludes our discussion of non-uniform learning. The main takeaway here is that tar-
get concepts are learnable with a sample complexity appropriate for their complexity, description
length, etc.
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Chapter 4

Boosting & Sample Compression

4.1 Introduction to Boosting (Lecture 6)

What is boosting. We start understanding boosting by looking at what it means to boost § in
the PAC-learning setting, or the confidence parameter of the outputted predictor. The question we
ask is if given an algorithm A that PAC-learns a hypothesis class H with < e error and > 1 — §y
confidence, is it possible for us to construct another algorithm B that (e, d)-PAC-learns-H for any
07

The answer to this question is yesE]! Now what about for boosting the error ¢? Suppose our
learning algorithm A gives us some hypothesis only slightly better than 1/2 (i.e. ¢ = 1/2 —~
for some small positive ). Can we construct some other learning algorithm to achieve arbitrarily
lower error? Omar notes that this question to boost the error has a rich history since 1988, and
has led to the famous AdaBoost algorithm. Before going further in our study of how to create this
“boosted” classifier, we should be on the same page about what it means to have a “weak learner”
that’s slightly better than guessing. Note that we are only interested in weak-learners that do better
than 50% error, as we could achieve a classifier with 50% error that just flips a coin and outputs
+1 and —1 for heads and tails respectively.

Definition 4.1 (Weak-PAC-learnable Hypothesis Class). A hypothesis class H is weakly-PAC-
learnable if there exists an error parameter ¢ = 0.5 — v and a learning algorithm A such that
Yo € (0, 1),VD S.t. infheH LD(h) =0,
1
Py pma [LD(A(S)) < 5~ 7] 21 (1)
We typically refer to v as the “edge” of our weak learner.

Note that this is in contrast to our familiar definition of (strong) PAC-learning given by
where we demanded that our learning algorithm be capable of outputting a predict with
arbitrarily low error (i.e. € could be anything in (0,1). The major question of today then is:

If a class H is weakly-PAC-learnable, is it also strongly PAC-learnable?

We will see this in Problem Set 2 in the realizable setting.
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Omar notes that our guess should be yes, as otherwise we would not be having this lecture.
Moreover, there’s a simple proof using our Fundamental Theorem of Statistical Learning (Theo-|

Fom T19):

Proof. If ve(H) = oo = H is not weakly-PAC-learnable. This is because we can always create a
realizable distribution D where A(S) will give a hypothesis consistent on the sample m 4(d) but not
on the remainder of unseen points. In other words, ¥y > 0 we can create a large enough distribution
D which is realizable (by definition of vc(H) = co) where A(S) will make > 0.5 —~ error on all the
points outside of the small sample so Lp(A(S)) > 0.5 — . Thus using contrapositive we get that
if H is weakly-PAC-learnable = vc(H) < co = H is strongly-PAC-learnable. O

But this is not a terribly satisfying as it does not give us (i) a boosting algorithm B using some
weak-learner A (ii) any information on the computational efficiency of B relative to A.

AdaBoost Algorithm. We now present the AdaBoost (adaptive boosting) algorithm, which is
a canonical boosting algorithm.

(i) Input: Dataset S = {(z4,y;)}/~,, Weak-Learner A, and number of iterations 7'
(ii) Create a uniform distribution D; (i) = 1/m over the training examples.
(iii) Now for each iteration t € [1,T7:

e Run weak-learner A on distribution Dy, and set hy := A(Dy)

e Computed the weighted-error €;:

€ = Lp,(h) = ZDt(i)l{ht(ﬂUz’) # Yi}
i—1

By the weak-learning assumption, we have ¢; < 0.5.

e Choose oy = %ln(lz—:t)

o (Adaptive Step). For sample i € 1,...,m:

N D(i e if (i) = yie  Dy(i) exp(—ouyihe (z;
Dyt (i) = t()x{ ! _ Di(i) exp(—aryihe (i)

Zt edt if hf(tL[) # Yis B Zt |

where our normalization constant is given by

Zi = Di(j) exp(—aryjhe(w)))-
j=1

(iv) Output the final predictor as a weighted-average over all the predictors we have learned:

T
hir(z) = sign(>_ azhe(x))
=1
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It should be clear on a first read why this algorithm is called “adaptive”, in many different
ways. Note that the main secret sauce of the algorithm is in the red step: the new distribution
Dy+1(i) shifts the weights so the next iteration will focus on the mistakes h; made in the current
iteration:

Dy (i) y ¢ if hy(x;) = y;, decrease sample weight

1—e

Dy (i) =

¢ 1;—? if hy(z;) # yi, increase sample weight

We now provide some further technical analysis of why AdaBoost works. Understand first that
the weight update can be simplified to:

Dy (3 .
- {fn 1
G () #

as the normalizing constant Z; is:

1—6t

7, = Di(i
i ht(xz #yz

1—615

€
t ithe (:1:I

€t

—|—(].—Et) =2 Gt(].—Et).

:et
€ 1—¢

So then the error w.r.t. D;41 of the previous iteration’s weak learner h; can be given by:

. 1 1 1
Lpg ., (ht) = | > Di(i) = | > Dy )26t BRA bt
’Lth({L‘i)#yi Z:ht(mi)#yz
This prevents the case in which our model at each iteration is returning the same hypothesis,
as by definition of weak learner Lp, ,(A(Dsy1)) < 0.5 —v #0.5 = Lp,.,(h).
We now present our first learning guarantee of AdaBoost:

Theorem 4.2 (Upper bound of AdaBoost Training Error w.r.t D). Let v¢ = 1/2 — ¢ and let
D be any initial distribution over {(z;,y;)}",. Then, running AdaBoost for T rounds produces
predictor hi.p with error w.r.t D1 bounded by:

T T
Lp, (h11) = Pl yyp, [ (@ H V1—497 <exp(=2) 47) (4.2)

t=1

First observe the vacuous case for the above theorem is if v = 0. We now compute some
numerics. Suppose that if V& € 1,..., T,y > 10% or equivalently ¢; < 40%. Then by the above
theorem, we have the following guarantee on the final training error:

Lp,(hi.r) < (V1 —4-012)T ~ (0.98)T

For T' = 5, this upper bound (< 0.9ish) is not great. But the above result shows us that the
training error is decreasing exponentially fast as a function of the number of rounds T'.
also gives us the slightly weaker corollary:
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Corollary 4.3 (Weaker Upper Bound of AdaBoost Training Error w.r.t. D;). If maxj<i<rer <

% — 7 for some v > 0, then the output predictor hi.7 of AdaBoost has error w.r.t. D1 bounded by

T
Lp, (hir) =P yyp, [hrr(z) # y] < H V1 — 472 < exp(—27%T).

t=1

To demonstrate why this may be useful, suppose we have some weak learner A with eg = 1/2—+,
so the assumptions for the above corollary are satisfied. Then Ve > 0, running AdaBoost for
T = lné}yée) iterations guarantees Lp,(hi.r) < €. Moreover for ¢ = 0.5/m, after T = 1“2(32’”
iterations we will have Lp, (h1.7) < 0.5/m == zero training error.

We now prove
Proof. Consider running AdaBoost for 7" rounds, and define F(x) = Z?zl ahy(x). Then:

e By the weight update equation, we have:

Drya(i) = Di(i) x exp(—aiyihi(x;)) ‘o x exp(—aryihr(z;))
Zl ZT

D1 (i) exp(—y; iy cwhu(:)) _ Da(i) exp(—yiF (x;))
Ht:l Z Hle Zi
e Observe that hy.p(z) =sign(F(x)). If hir(z) #y = y- F(z) <0 = exp(—yF(z)) > 1.
So Hhy.r(z) # y} < exp(—yF(2)).

e Then, we can bound the error of hA1.p w.r.t. to D7 as follows:

Lp, (h.r) = Z 1(0)H{(zi) # yi} < ZDI i)exp(—y(F(z)) =Y Dra() [[ 2 =] 2

i=1 =1 t=1 t=1

e All that is left to do is compute Hthl Zy:

T T T

T
[17 = [[2va—a = [[2V@2 =002+ = [[ V1 - 07
t=1

t=1 t=1 t=1

O]

Omar notes the following plot from|Boosting: Foundations and Algorithms|shows that AdaBoost
really does work (and beats our theoretical expectations):
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The training percent error rate and theoretical upper bound on the training error rate of the combined classifier
obtained by using boosting on the entire heart-disease dataset from section 1.2.3. The error rates ¢, of the base
classifiers on their respective weighted training sets are also plotted.

Note that the error at each time step is computed on the training set w.r.t to D;, so it makes
sense that the base learner (i.e. hy) would increase over time. But this is for the training error,
which is not what we really care about. What we really care about is the generalization error of
AdaBoost: how can we bound or better understand AdaBoost’s generalization error?

Generalization error of AdaBoost. Our first tool we will use is VC Theory. To do so, we’ll
need a hypothesis class, which we call B:

B = {all hypothesis/predictors outputted by weak-learner A}

B s essentially our “base class.” Now recall the output form of AdaBoost as hy.z = sign(3.1_, ahy ().
We can write this as a weighted majority-vote over predictors in B:

T
Cr={z+— Sign(z athi(z)) | arr €RT, hy,... hy € B}
=1

So our hypothesis class for the AdaBoost output hi.7 can be given as Cp (note the meaningful
parameterization of Cr by T'). So to invoke our standard VC-based uniform convergence bounds,
we will want to bound C'7. We have two claims:

e Claim: If B is finite, then I'c, (m) < (92)T|B|?. This is because we have |B|T choices for
hi.r. Fixing hy.p then gives us a feature map ¢(z) = (hy(x),...,hr(x)) € RT. Because this
has a known VC dimension of 7' = we have < (%)T possible labelingsﬂ on this fixed
feature map. Thus T'cy,.(m) < (92)7|B|T = ve(Cr) = O(T log |B)).

2Note that we are playing around with the ai.1r € RT
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e Claim: If B has VC dimension d, then T'¢y(m) < (92)7(22)4T. This is done with a similar
argument as before. Each of the T' functions from B we will choose has (<7)? possible labelings
on m points, so there are < (%)dT total possible labelings possible fixing hi.7. Then fixing
this choice of T" hypotheses we can similarly play with the coefficients aq.7 to yield a factor
of (92)7 = in total we have I'c,(m) < (92)7(21)¥T = ve(Cp) = O(dT logT).

So now that we have good control over ve(Cr), we are free to invoke our previous VC dimension
uniform convergence theorems to arrive at the following:

Theorem 4.4 (AdaBoost Expected Error VC-Dimension Bound). Running AdaBoost for T' rounds
using a base class B on a random sample S ~ D™ (where D is an arbitrary distribution) guarantees,
with probability at least 1 — &, that the output of AdaBoost satisfies

m

Lp (hyar) < Ls (hip) + O ( \/ ve(B)T In(m) + log(1 /5)) |

Furthermore, with probability at least 1 — 6, if AdaBoost is consistent with the training data, i.e.,
Lg (h1.7) =0, then

Lp (hyr) < O (vc(B)Tln(m) + log(l/é)) .

m

Corollary 4.5 (Weaker VC-Dimension Bound on AdaBoost Expected Error.). If, in addition to the
assumptions above, each base predictor hy satisfies Lp,(hi) = &1 < % — v where Dy is a reweighting
of S, then setting T = In(2m)/(2v?) guarantees, with probability at least 1 — § over S ~ D™, that

ve(B)(Inm)? + log(1/5)>
v*m '

Lp (hi1) <0 <

There is actually one case which we have conveniently avoided: ve(B) = oo, or that our weak
learner A’s hypothesis class has infinite VC dimension. We move onto covering compression based
bounds.

4.2 Introduction to Sample Compression Learning (Lecture 6)

We start with a definition.

Definition 4.6 (Sample Compression Schemes). A learning rule or algorithm A : (X xY)* =YX
admits a compression scheme of size k if there exists a compression map r: (X x Y)* — (X x Y)¥
such that for any sequence of examples S = ((x1,y1),-- -, (Tm,Ym)) it holds that (S) C S and
A(S) = A(k(S)). That is, the output hypothesis h = A(S) can be represented by k examples k(S),
and h = A(k(S)).

Essentially we are saying that a learning algorithm A has a compression scheme if it can require
only k-training examples to generate the same output. This immediately gives us the following
learning guarantee on the expected error Lp(A(S5)):
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Theorem 4.7 (Sample Compression Schemes = Learning). Let A be a learning rule that admits

a compression scheme of size k. Then, for any distribution D, with probability at least 1 — § over
S~ DM,

Lo(A(S)) < Le(A(S)) + \/mn(;?; +_12§1/5).

Furthermore, with probability at least 1 — & over S ~ D™, if Lg(A(S)) =0, then
< kIn(m) +1n(1/9)

Lp(A(S))

m—k

While we will not prove this theorem, Omar notes that it is not too difficult. So how can
we use to gain good control over AdaBoost’s generalization error? Consider some
input S of m examples and a deterministic weak-learner A with ¢y = 1/2 — ~ that needs mg < m
samples. At each round of boosting, call A on a sample Sy ~ D} so hy = A(St), where Dy is the
AdaBoost-computed re-weighting of the training dataset S;. Because each weak hypothesis h; can
be represented by the sequence of mg examples it was outputted from, after running for 7" rounds
we would need < T'mg examples to reconstruct weak hypotheses hy.p.

This feels a lot like AdaBoost admitting a sample-compression-scheme: we have a specified num-
ber of samples T'mg we require to get the hypotheses hi.p from AdaBoost(S). More specifically, us-
ing all Uszl S samples, we can recover hy, ..., hp. But there is a catch: AdaBoost(S) includes coef-
ficients a.¢, which are computed based on all of S. Thus, AdaBoost(|J_, S;) # AdaBoost(S) =
AdaBoost does not admit a sample-compression-scheme. This motivates the creation of hybrid
compression schemeﬂ

Definition 4.8 (Hybrid Compression Schemes). A learning rule A : (X x Y)* — Y admits
a hybrid compression scheme of size k and VC' dimension d, if there exists a compression map
k(X xY) = (X x Y)* and a hypothesis class map F : (X x V) — {h : X — Y} such
that for any sequence of examples S € (X x Y)™ it holds that k(S) C S, ve(F(k(9))) < d, and
A(S) € F(r(S)). That is, the output hypothesis h = A(S) lies in the hypothesis class F(k(S))
which has VC dimension at most d.

which has the analogous learning guarantee on generalization error:

Corollary 4.9 (Hybrid Compression Schemes —> Learning). Let A be a learning rule that admits
a hybrid compression scheme of size k and VC dimension d. Then, for any distribution D, with
probability at least 1 — 6 over S ~ D™, if Lg(A(S)) =0, then

dn ((m — k)/d) + kIn(m) + ln(1/5)>

m—k

Lp(A(S)) <O (

So then we can view AdaBoost as a hybrid compression scheme! The T" weak hypotheses hi.7
can be presented by a sequence of k = T'mg examples. Then resulting class from which AdaBoost’s
output is selected is the set of all weighted majority votes functions:

T

F={z—sign(d_ ahy(z)) | arp € RT}
=1

where vc(F') = T. Thus, applying [Corollary 4.9 we get:

30mar notes that the creation of this kind of definition is purely for the analysis we are doing now.
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Theorem 4.10 (AdaBoost Hybrid Compression Scheme Generalization Error Bound). Running
AdaBoost for T rounds using a deterministic weak learner A that consumes mgy samples per round
guarantees, with probability at least 1 — § over S ~ D™ (for arbitrary distribution D), that if
AdaBoost is consistent with the training data, i.e., Ls(h1.p) =0, then

Lo(hir) <O <T1n (m=fmo) +Tmoln(m)+ln(1/5)> <0 (Tmoln(m)+ln(1/5)>

m — Tmyg m — Tmy

and similarly applying we get the following corollary:

Corollary 4.11 (AdaBoost Zero Training Error Bound on Generalization Error). If, in addition
to the assumptions above, each base predictor h; satisfies Lp,(hi) = ¢ < % — v where Dy is a
reweighting of S, then setting T = In(2m)/(2v?) guarantees with probability at least 1 — & over
S~ D™,

mo(lnm)? + ln(l/é))

Lp(hyr) <O ( 2

We finish with an important theorem connecting weak and strong PAC-learning.

Theorem 4.12 (Weak PAC-Learnable <= Strong PAC-Learnable). A hypothesis class H is
(efficiently) weakly PAC learnable if and only if is (efficiently) strongly PAC learnable.

Proof. First observe that the direction strong PAC-learnable = weak PAC-learnable is trivial
and follows straight from the definitions. We prove now that weak PAC-learning = strong
PAC-learning, using AdaBoost. Let A be an (eg = 1/2 —~,0/(2T))-weak-PAC-learner for H (note
that even if 6 = 1/2, we can “boost” confidence by repeatedly running A and choosing the best
hypothesis). So using a union bound over all 7" hypotheses hq,...,hy, with probability at least
1—14/2, all hy.p satisfy e, < 1/2 — .

Then for any H-realizable distribution D, invoking using /2, with probabilityﬁ
at least 1 — 6 over S ~ D™, running AdaBoost on S for T' = In(2m)/(27?) rounds will give us

mo(lnm)? + ln(1/5)> .

my?2

Lp(hi.r) <O <

which shows strong PAC-learnability as we can make the above RHS arbitrarily small by choos-
ing m appropriately. O

Overfitting Paradox. Recall that h1.7 denotes the outputted prediction of AdaBoost. Observe
the following behavior and try to think of why it might be confusing:

4Note that we are requiring two independent events with > 1 —§ /2 probability to occur so we can use the bound
from So this bound occurs with > 1 — § probability.
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Figure 1.7

The training and test percent error rates obtained using boosting on an OCR dataset with C4.5 as the base learner.
The top and bottom curves are test and training error, respectively. The top horizontal line shows the test error rate
using just C4.5. The bottom line shows the final test error rate of AdaBoost after 1000 rounds. (Reprinted with
permission of the Institute of Mathematical Statistics.)

Even after Lg(hi.1) reaches zero, meaning that there is no training error, continuing for more
iterations (i.e. T T') leads to the test risk Lp(hi.r) reducing. This is in contrast to our bound
where Lp(hy.7) is upper bounded by T'. So a natural question then is how do reconcile
thse generalization error bounds derived from complexity measures with empirical performance?

4.3 Margin-Based Analysis of Boosting (Lecture 7)

I found reviewing AdaBoost’s algorithm before this section very helpful.

Recall AdaBoost’s outputted predictor hi.p = Sign(Z;rzl athi(z)). Let us first normalize hy.p(z)
by setting each a; to ay/ S]_, ap. Then given some point (z,y) € X x {£1}, the margin can be
given as y - f(z). The most important property here is that hi.p(z) # vy < y- f(x) < 0.
Equipped with this new technology, we provide the following supplement figure to our previous
graph of train/test error over 7"
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Figure 5.2

The margin distribution graph for boosting C4.5 on the letter dataset showing the cumulative distribution of margins
of the training instances after 5, 100, and 1000 iterations, indicated by short-dashed, long-dashed (mostly hidden),
and solid curves, respectively. (Reprinted with permission of the Institute of Mathematical Statistics.)

This should show us that as T increases, the CDF over the empirical margins not only gets
smoother but largely concentrates in the 0.6 — 0.8 range (which we want!). Note that we required oy
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to be normalized to ensure that the maximum possible margin was either +1 or —1, which makes
the margins of two different points actually meaningful to compardﬂ

We are now ready to consider the following bound on AdaBoost’s §—margin loss (before doing
so, it might be a good idea to recall what ¢ in the AdaBoost algorithm is!):

Theorem 4.13 (AdaBoost f-margin-loss bound after T iterations). Let vy, = % — ¢, and let Dy
be an arbitrary initial distribution over {(z1,y1),..., (Tm,ym)}. Then, running AdaBoost for T
rounds produces a predictor f(x) = Zthl athe(z) such that for all 6 € [0,1], the 6-margin-loss is
bounded as

T
WPl f@) <6)< tﬂl V@ = 27)10(1 4 29140

So the above is a probabilistic bound on any training sample having a margin too-high. Before
proceeding further, observe the following properties:

o Weak-Learning Assumption. If for all rounds 1 <t < T, ¢ < 1/2 — v for some v > 0, then
the bound can be simpliﬁedﬁ to (v/(1 — 29)170(1 + 29)1+0)T.

e Moreover, when /(1 — 27)1=9(1 + 27)1*+¢ < 1, the fraction of training examples with a mar-
gin y - f(z) < 0 will decrease exponentially fast. Through taking logarithms on both sides,
we can establish the following statement:

—In(1 — 44?)

In({532)

\/(1 =211 4+29) 0 <1 = 0<YT(7):=

meaning that Y(v) gives the maximum possible margin ¢ such that we can guarantee the
percentage of training examples with margin y - f(z) < 0 will go to zero with sufficiently
large T'. Observe for v € [0,1/2], we are guaranteed that v < T(vy) < 2v. Thus, V8 < Y(v),
given enough iterations 7', all all margins of our training examples will be > 6 or thus in the
limit case > Y(y) > v (mathematical justiﬁcationlzl). Thus, greater edges (1 7y) yield better
guarantees (T Y(v)) on how large our margins will be post-training.

But this is a bound only on the training examples. We now introduce two things before giving
a generalization error bound on the 0 —1 error. Firstly, given some hypothesis class H, let us define
convex hull of H as:

T
co(H) = {f s Zatht(az)

t=1

T
al,...,aTZO,Zatzl,hl,...,hTeH,TZ 1}
t=1

Secondly, observe that for any distribution D, P(, ,\.p [ sign(f(z)) # y] = P yp[y-f(z) < 0].
We now give our nice bound:

SFor example, without this normalization if we wanted really large margins we could just increase a; arbitrarily.

5Note that this simplification while deceptively simple is actually non-trivial.

"For an analytical treatment of this result, pick a sequence {#:}: all strictly bounded above by Y(y) where
sup, 6; = Y (7). Then, liminfr_, o min; y; fr(z;) > liminfr_, 67 = T'(y) > 7.
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Theorem 4.14 (Generalization 0-1 Error Bound over co(H)). For any hypothesis class H, any
distribution D over X XY, anym € N, 6 € (0,1), and any 6 € (0,1), with probability at least 1 —§
over a sample S ~ D™, for every f € co(H),

5 l[y‘f(x)gszvc( e e(n;I))+ 21n (2) w3

(og)es 0 m m

P(z,y)wD [y : f(l’) < 0} <

3=

Observe here that we are bounding the 0 — 1 error of sign(f(-)) on D through the f-margin-loss
on S and a weird-looking complexity term that scales inversely with 6. Furthermore, this bound is
vacuous for # = 0 and 6 = 1 (recall all margins y - f(x) < 1 because all f € co(H) have normalized
coefficients «;.) Omar notes that the proof of this theorem requires using Rademacher Complexity,
which we will discuss in a future lecture.

From we get the following relevant corollary to our AdaBoost algorithm:

Corollary 4.15 (AdaBoost Generalization Zero-One Error Bound). Running AdaBoost using a
base class B with edge v, on S ~ D™ for T rounds, guarantees w.p. > 1 — ¢ that the output of
AdaBoost f =), ouhy satisfies

P(xy)ND[y f( = S% Z) ’Y]—i_*

One thing to observe is that this generalization bound does not depend on T', which is unlike
other AdaBoost bounds we have seen hitherto.

We now move to proving a very strong statement that gives us a sufficient and necessary
condition for weak learnability. First recall as per that if we have a weak-learner
with edge v, for any § < 2y we can run a (modified) AdaBoost to guarantee that after a large
number of rounds all training examples will have a margin > 6. Moreover in the proof of this
theorem (which we did not cover), the /(1 — 2v;)1=(1 + 2v;)1*? bound-term at each iteration is
given by choosing:

1. 142y, 1+6

1
o =g ) — oI35

and hence why we refer to AdaBoost in this case as a “modified” version. We are now ready to
to present our strong theorem on when y-weak-learnability happens:

Theorem 4.16 (A Necessary and Sufficient Condition for v-Weak Learnability). We are given an
arbitrary dataset S = {(z1,y1),. -, (Tm,Ym)} and a base hypothesis class H. Then H ~y-weakly-
learns S if and only if there exists f € co(H) such that yf(x) > 2v for all (z,y) € S.

Proof. (=) If H y-weakly-learns S, then in principle we can run the modified AdaBoost algorithm
(see above choice of i) to find a f € co(H) with margin 6 that is arbitrarily close to 2. This is a
similar idea to the analytical footnote presented in the proof of

(<) Suppose there exists f € co(H) such that yf(z) > 2v for all (z,y) € S. So for any
distribution D over S, we will have:

E ey~ [0S ()] = By ND[ (Zatht )] > 2.
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Moreover,

E(zy)~D {y( Zt: atht(l’))} = EinalE s y)~p [yhe(2)]]

where t ~ « denotesﬁ that t is drawn from weights a4, so higher a; means a higher chance of
drawing that ¢. This is intuitive because a; is normalized as f € co(H ). Since Eywq[E(y y)p [yhe(2)]] >
27, there exists ¢ such that

E(m,y)ND [yht(xﬂ > 2.
Finally, observe that because y, hy(z) € {£1}:

Ewyop[yhe(@)] = Pr [h(z)=y] — Pr [h(z)#y] =1-2 Pr [h(z)#y]>2y

(zy)~D (zy)~D (z,y)~D
so:
Pr |h(x <1l_
Wb (@) #u] <5 -
which means we have found our hy € co(H) s.t. h; weakly learns S with edge ~. O

4.4 Sample Compression Schemes, Revisited (Lecture 7)

We start by presenting an analogous definition to [Definition 4.6] now for a hypothesis class H as

opposed to a learning rule A:

Definition 4.17 (Sample Compression Schemes for a Hypothesis Class). A hypothesis class H
admits a compression scheme of size k if there exists a compression map r: (X x Y)* — (X x Y)F
and a reconstruction map p : (X x Y)¥ — YX such that for any sequence of labeled examples
S = ((x1,91),-- -, (Tm,Ym)) Tealizable by H (i.e., 3h € H with h(x;) = y; for all i), the following
hold:

o K(S)CS;
o letting g = p(k(S)), we have g(x;) = y; for all 1 <i < m.

In words, what this means is that we are compressing via k a dataset S of size m into k
examples, from which using the reconstruction map p we can (correctly) recover all the labels of
all the other m — k examples in S. To some extent, we can think of p(k) : (X x Y)* — YX
as our new learning rule. As an exercise, Omar leaves us to think about how for hypothesis class
H = {axis aligned rectangles in R?}, there will be a sample compression scheme of k = 4 (answelﬂ).
In parallel to our sample compression scheme learning rule bound we have:

Theorem 4.18 (Compression —> Learning for a Hypothesis Class). Let H be a hypothesis class
that admits a compression scheme (k,p) of size k. Then, for any distribution D realizable by H,
with probability at least 1 — § over S ~ D™,

Lo(pl(s)) < TR HRAL)

8This is a slight abuse of notation, but please excuse it!
9We only need the four corners of the rectangle which envelopes all +1 classified points to understand how all
other points in S should be labeled.
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Proof. Let D be a distribution realizable by H. Then, for a sample S ~ D™,
Ppm [Ln(p(k(S))) > €] = Pswom [Ls(p(5(S))) = 0 A Lo (p(x(S))) >
< Pgopm [351 = ((wi;,5:,))=1 s.t. Ls(p(S1)) =0 A Lp(p(Sr)) > e}

S

as we have (') possible choices for S;, where assuming Lp(p(Sr)) > ¢ = there is a <
(1 — €)™ * that all m — k points outside of S; will be labeled correctly (which is required for
Ls(p(Sr)) = 0). We finish by plugging in:

In () +1n(1/6)
m—k
which completes the proof. ]

€ =

So we have seen that compression = learning. But you might be curious at this point if
learning = compression, which is shown through the following theorem:

Theorem 4.19 (Learning = Compression). Let H be a hypothesis class of VC dimension d.
Then H admits a sample compression scheme of size O(dlogm), where m is the size of the sample
to be compressed.

Proof. We construct a compression scheme using boosting.
e Fix a (deterministic) PAC learner A for H (e.g. an ERM for H).
o Let S={(x1,11),---,(Tm,ym)} be a realizable dataset (by H) to be compressed.
e Run AdaBoost on S using A as the weak learner. Specifically:

— In each round ¢, draw a subsample S; ~ D], where D, is an empirical reweighting of
the initial uniform distribution D; on S, and

B d+log(do=1/3)\
m0—0< 60:(1)/3 )-O(d).

2o (2)

to compute the next distribution D;y1. (Note: using a fized o implies that the final
hypothesis is a simple majority vote over hy, ..., hr).

— Use a fixed weight

e By AdaBoost’s guarantee for minimizing the training error on S, the edge in each round

satisfies v > % — €= % — % > %. Hence, after
In(2m)
T = =0(1
/6~ Ot

rounds we have .
Lg (sign <Z ht)> =0.
t=1
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e Define the compression map x to run the above boosting procedure and select T - mg =
O(dInm) examples from the m points in S.

e Define the reconstruction map p to take those T'- mgy examples as input and run the (same)
weak learner A to reconstruct hi,...,hp, and hence the majority-vote classifier.

O]

Omar notes that there was a conjecture that any hypothesis class H would admit a sample
compression scheme of O(d), as opposed to O(dlog m) as we just showed. In fact, in 2003, computer
scientist Manfred Warmuth offered a $600 prize to either prove this conjecture or disprove it with
counterexample of a specific H! We conclude this lecture by proving one more result on sample
compression schemes for finite VC dimension hypothesis classes:

Theorem 4.20 (Learning = Compression II). Let H be a hypothesis class of VC dimension d.
Then H admits a sample compression scheme of size 20(d) " where m is the size of the sample to be
compressed.

Proof Sketch. We use the same boosting procedure as before. The main new insights are:

e We use a (proper) PAC-learner A for H (e.g. a particular ERM for H). [Note: proper means
the output of A lies in H.|

e We run AdaBoost for many rounds T until the following holds:

We know this is possible by
e Sparsifying the predictor Zle aphy:
— After normalizing oy, observe that Zthl aghy can be viewed as a distribution over the
class H. We will call this distribution D.
— The concept of Dual VC Dimension:

* For every (z,y) € X x Y, define a function g,y : H — {0,1} where g, ) (h) =

1[h(z) # yl. Let G ={g(y) | (z,y) € X x Y},
* The dual VC dimension of H, denoted d*, is defined as the VC dimension of G.

— Using uniform convergence on the dual space G implies that sampling N = O (f—;) ii.d.

predictors from distribution D to choose h;,, ..., h;, guarantees w.h.p that:
d 1
(@) € X x Y : > oql[hy(x) # y] — v D b (x) #yl| <7
t=1 j=1
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— Choosing 7 = 1/12 with some manipulation of the above equation will yield us:

N T
Vwy) €Sy Y hi(@) 2y Y arhu(z) - {5 > § — 35 > 0.
Jj=1 t=1

so the NV hypotheses h;,, ..., h;, will be sufficient to make a consistent predictor on all
of S.

e The compression map x outputs N - my = O(d*d) points from the m points in S (recall mg
from the previous algorithm).

e The reconstruction map p receives as input those N -mg = O(d*d) points and uses the (same)
weak learner A to reconstruct h;,,..., Ry

e To conclude, we must show that the dual VC dimension satisfies d* < 29+1,
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Chapter 5

Rademacher Complexity

5.1 Introduction to Rademacher Complexity (Lecture 8)

So far we have spoken with learning with respect to the 0 — 1 loss. However, what if we are
interested in learning with respect to other loss functions (e.g. regression with MSE or classification
with logistic loss)? Let us formalize this problem to generalize beyond {41} binary classification
problems. Define Z as our domain space (e.g. X x Y') and D to be our distribution over Z. We
can let F = {f : X — R} be our function class and ¢ : F x Z — R be our loss function. We are
interested in functions in F' that compete with this benchmark:

%ig E.-pll(f,2)]

So our main question for today is understanding how to establish learning guarantees in this
more general setting. The main tool we will use is Rademacher Complexity, which we define now:

Definition 5.1 (Empirical Rademacher Complexity). Let Z be a domain and let F = {f : Z —
R} be a family of functions. For a sequence S = (z1,...,2m) € Z™, the empirical Rademacher
complexity of F with respect to S is

1 m
Rs(F) =Koy, .om~Unif{+1} [?gg p. ; O'z‘f(zi)]

Note here that this is an expectation over o1, ..., 0, ~ Unif({£1}). Observe that o;f(z;) > 0
means the function’s output of z; and the random label o; “match” by sign, whereas o;f(z;) < 0
means the opposite. Thus, the sup;cr term is looking for a function f that matches the random
labels o1,...,0., as best as possible. Another notable quality is that Rg(F) does not have an
inherent scale. Indeed if |f| is bounded by some b € R, then L > ;f(2;) < b. We now present

m
the main uniform convergence Rademacher Complexity learning guarantee.

Theorem 5.2 (Uniform Convergence by Rademacher Complexity Guarantee). For any distribution
D over Z, function class F = {f : Z — [-1,+1]}, any m € N, and § € (0,1), with probability at
least 1 — 6 over S ~ D™,

Vf € F: Bauplf(A] S -3 £(a0) + 2Bsnpn[Ro(F)) + AL

2m
=1
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Moreover, with probability at least 1 — § over S ~ D™,

m

VI EF: Eeuplf()] < -3 f(a) + 2Rs(F) +
i=1

21log(2/9)

We should pause to think about why these bounds are remarkable. First, they are both
distribution-dependent bounds as they take into account the specific distribution D you are working
with. The second bound is also data-dependent, as the Rg(F) term depends solely on the S sample
you have. This matters because the empirical Rademacher complexity, or its expectation, may
differ across various distributions over Z (Why?EI). Thus, both these bounds can beat worst-case
VC dimension bounds, which are broad across all data distributions and sample draws. The proof
of this uniform convergence result relies on the powerful McDiarmid’s Inequality:

Theorem 5.3 (McDiarmid’s Inequality). Let Zi,...,Z,, be independent random variables (not
necessarily identically distributed). If g : Z™ — R satisfies the bounded differences condition: there
exist constants ci,...,cm € R such that for all z1,...,2m € Z and all z;,

‘g(zl,...,zi,...,zm)—g(zl,...,éi,...,zm)‘ < g,

then for any e > 0,

82
P(g(Z1,.... Zm) —E[g(Z1,...,Zm)] =€) <exp <—Z72n_162> :

While we will not prove this bound, observe that the Z; are not assumed to be identically dis-
tributed. Note that when each z; € [0, 1], we can recover Hoeffding’s bound using ¢(Z1,...,Zy) =
% >, Z;. We now are ready to prove the Rademacher Uniform Convergence bound stated in

Proof. This proof will take a lot of clever bounding.

L. Part 1: WTS Eg.pm[sup e r(Ep[f] — Es[f])] < 2Es~pm[Rs(F)]

B [sup (Blf) ~Es[7)] = B [snp (Bsrvpe [ S SGD] = S 1)
~ Esupm [supEspm S (£~ £(=)]]

< Eg,g/npm [St}p % ity (f(2) = f(2))]

1
= E;Eg s ~pm [Sl}p - Siioi(f(z) — fz)]

1
< E;Egpm [Sl}P oo Sy 0if(2])] + EoeEsmpm [supy > (—04) f (1))

= 2Eg.pm [Rs(F)].

!Certain distributions might be easier for F to fit. For example, a linear regression hypothesis class can more
easily D that corresponds to a correlated line compared to random noise over [—1,1]%.
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The main tricks here are (1) the use of the ghost sample S’ ~ D™ that lets us treat z; and 2]
symmetrically and (2) the fact that o; and —o; under the E, are identical.

2. Part 2: Show sup e #(Ep[f] — Es[f]) concentrates around Eg~.pm[sup re 7(Ep[f] — Es[f])]

suprer(Ep[f] — Es[f]) is a random variable as it is a function of S ~ D™. For this step,
we will use McDiarmid’s Inequality by defining g(S) = sup;cz(Ep[f] — Es[f]). We now
must show that g satisfies the bounded differences condition. Define S = (zq,...,2y) and
S = (21, Ziy- oy 2Zm). Then:

19(S) — g(S)| = | sup (Ep[f] — Es[f]) — sup (Eplf] —Eglf])]

fleF
< [sup (Bolf) = Bsf] - (Epls) ~ Eg1)|
< sup |Eg[f] - Es[f]]
feF
1 oy .

Note that the last line comes as a fast of S differing by one observation from S. At this point
we know [f| <1 == supscr|f(Z) — f(2:)] < 2, so the bounded differences condition is
satisfied. So we can use McDiarmid’s Inequality to show the desired concentration, and then
use part 1 to recover the first UC bound in the theorem. The second bound in the theorem
can be shown by using McDiarmid’s Inequality to argue that Rg(F) concentrates around
Es~pm[Rgs(F)].

O]

Unfortunately because our generalization error bound is dependent on the Rademacher Com-
plexity term Rg(F), we should provide one more bound on Rg(F). Using Massart’s Finite Lemma,
one can show that for a finite function class F = {f : Z — R} we have:

\/2log | F|

We'll now do something really cool and connect this to VC Dimension. If F' is binary, then the
above implies that:

2log |5 (F)|

Rs(F) < -

so through use of Sauer’s Lemma when F' has the finite VC dimension d:

2dlog(em/d)

m

Rs(F) <

We will now present a few more properties of Rademacher Complexity, which will help us bound
Rs(F) for more complex F.
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Theorem 5.4 (Rademacher Complexity Properties). Let F ={f:Z - R} and G ={g: Z — R}
be function classes. For any sequence S € Z™:

1. If F C G, then Rs(F) < Rs(G).
2. For any fizted h : Z — R, Rg(h+ F) = Rg(F).

3. Rs(co(F)) = Rs(F), where co(F) = {x — Erop[f(x)] | P is a distribution over F} is the
convex hull of F.

4. Rs(F+G)=Rs(F)+ Rs(9).
5. If ¢ : R — R is Ly-Lipschitz, then Rs(¢ o F) < LyRg(F).
We prove only property (3), which we will use later on.

Proof.
1 m
Rg(co(F)) = Ey[sup — oiEsoplf(zi)]] = Egf SupE ~p[— 0if(z)]] = Ey[sup — oif(z)] =
(colP)) = Eoloup 0> oiFplf (1)) s Z fefm;

The main trick here is that supp Ef.p = supscr as the distribution P over F' that yields the
largest expected value will just put all its probability mass on the maximal f € F. O

5.2 Applications of Rademacher Complexity & Other Complexity
Measures (Lecture 8)

Now recall our generalization zero-one error bound [['heorem 4.14|that we utilized to yield a general-
ization zero-one error bound for AdaBoost. We are now ready to prove this result with Rademacher
Complexity.

Proof. First let us define the function G : {(z,y) — yf(x) | f € co(H)}. Now for any 6 > 0, we
can consider the following “ramp” loss function ¢:

1 ifu<O0
pu)=q¢1—-u/f f0<u<b
0 ifu>40

Observe that this is a Lipschitz continuous function with Ly = 1/6. So now we can invoke the
Rademacher Complexity uniform convergence bound for the class ¢ o G. With probability > 1 —§
over S ~ D™:

Vf € co(H) : Esnpd(yf(a <fz¢y, (1)) + 2Rs(6 0 G) + 210gm<2/5>

Note that by the property (5) of Rademacher Complexity, Rg(¢ o G) < LyRg(G). Moreover,
Rs(G) = Rg(co(H)) is clear through definition of empirical Rademacher complexity and by prop-
erty (3), Rs(co(H)) = Rs(H). Using our previous understanding of Rg(H ) from VC Dimension,
we have:
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1 2ve(H) ln(%)
Rs(¢oG) < eM =

Thus, we have so far shown the following bound with > 1 — ¢ probability:

n 2ve(H) In( -2 o
Vf € co(H): E.upd(yf(z)) < %Zgb(yif(xi)) + % \/ (H) In(&y) L [2108(2/9)
=1

m m

which is not quite the bound that we want. Observe that 1{u < 0} < ¢(u) < 1{u < 6} and so

)
P(ey)~nly- f(2) < 0] < By pd(yf(x)) and moreover o 552 p(yif(x:)) < 7 0%y Uy (i) <
0}. Thus, we are finished. O

We move onto computing the Rademacher Complexity of some notable hypothesis classes.

Rademacher Complexity of Linear Predictors. Consider X = R? and hypothesis class
Hp = {z— (w,z) | w € RY, |lw|]z < B}, where we are putting some bound B on the L?-norm of
w. We can then bound Rg(Hpg) as:

Rs(Hp) = J[ sup —Zal w, T;) } = 7711 U[HzltllgB ZO’ZSCZ } = %Eg [BH Zazxz}”

lwl|<B M

\/ [HZ%H \/ZE wz\|2+§mm i, %) W—\/ *anzuz

where the equality that gets rid of the sup,,<p comes from this jgeneral fact of dual norms:

I ZozxZH* = sup{(w Zam lwllp <1}

where || - || indicates the dual norm associated with a given L” norm [|w||,. In our case of p = 2,
it is known the dual norm is the L? norm. The first inequality is from Jensen’s Inequality as /- is
a concave function. Note that this is an example of a scale-sensitive bound, which is in contrast to
VC-style bounds which are scale insensitive to our hypothesis classes.

We can change this setup slightly to now look at sparse linear predictors, or more specifically
Hp = {z+ (w,z) | w € RY ||w|; < B}. We can bound the Rademacher Complexity using similar
logic:

Rs(Hp) = U[ sup Z:Uzwa;,}:l 0[ sup wZasz}

lwlh<B M m [w]1<B

= o Bl = a1 o]
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Now for each j € [d], let us define v; = (z1,,...,Zm ;) € R™, or essentially the slice
of S along the jth dimension. Note that |lvjll2 < /mmax;|zil|cc. Now let us define V :=
{v1,...,v4,—v1,...,—vq}. Observe tha

2log(2d)

m

B m
m [gfgd‘ -Z;Um’ju =B Rs(V) < B max ||zl
1=

where the last inequality is from Massart’s Finite Lemma.

Other Complexity Measures. Omar comments that in learning settings where the scale mat-
ters, Rademacher Complexity will shine. We briefly take a look at other complexity measures,
starting with VC-Subgraph Dimension or Pollard’sﬂ pseudo dimension:

Definition 5.5 (Real-Valued Shattering). Let Z be a domain and F = {f : Z — R} a family of
functions. We say that F shatters a sequence S = (21,...,2m) € Z™ if there exist 0y,...,0, € R
such that for all yi,...,ym € {£1} there exists f € F with

Vie{l,....m}:y; =1 <= f(z;) > 0;

Definition 5.6 (VC-Subgraph Dimension a.k.a Pollard’s pseudo-dimension). The VC-Subgraph
dimension of F, denoted vcgyn(F), is the largest m such that there exists S € Z™ that is shattered
by F.

As a remark, I found it a good exercise to check that vegy, (F) = ve({(z,0) — 1[f(z) < 0] | f €
F1}). Omar also notes that covering numbers are extremely popular:

Definition 5.7 (Covering Numbers Bound). Let Z be a domain space and F = {f : Z — R} a
family of functions. Let S = (z1,...,2m) € Z™ be a sequence of points. Consider the projection of
F onto S,
Lp(S) ={(f(z1),..., f(zm)) : f€F} CR™

We say that a finite subset C C R™ is an e-cover of I'p(S) with respect to a metric p on R™ (e.g.,
l1,02, o) if for all f € T'p(S) there exists v € C such that p(f,v) < €. The empirical covering
number N, (e, F,m) is the size of the smallest e-cover of I'p(S) with respect to p (over a worst-case
sequence S ).

Theorem 5.8 (Empirical Covering Numbers Bound). Let Z be a domain space and F = {f : Z —
[0, B]} a family of bounded real-valued functions with vegy, (F') = d. Then, for any € > 0,

werm =3 (7)(2).

d
which is less than (S’ZLdB) form > d.

2 found the below very confusing. What helped me was first considering S = [m] and each v; € V as a function
where v;(i) = x; ;. Then apply directly the definition of Rademacher complexity.
3Dr. David Pollard from Yale!
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Chapter 6

Online Learning

6.1 Introduction to Online Learning (Lecture 9)

So far in this course we have assumed that all our data come from some distribution D over X x Y.
Moreover, given some sample (X x Y)*, we aim to create a predictor which will generalize well to
other test samples assumed to be drawn from D.

We now transition to studying a different framework known as the online learning. In this
framework, the main difference is that we do not assume that the data is coming from some fixed
distribution. This is a big jump from our previous studies — can we hope to say anything without
this distribution assumption?

First note that we can view this as a game between a learner A and adversary B, where the
latter is the one who selects the data to be presented to the former. More precisely, for rounds
t=1,2,...

e Adversary choses an instance x; € X; and sends it to the Learner.

e The Learner predicts a label ¢, € Y for z;.

e The Adversary reveals the correct label y; € Y for x.

The goal for our learner is to make as few mistakes as possible in this very dynamic setting.
Note that if we wanted to write this in math, we can view the Learner as a map:

U(X x V)1 x X — Y, or alternatively U(X x V)t 5 yX
t>1 t>1

where the predictor hy = A((x1,y1),..., (Te—1,y—1)). We will see soon why we call B an
adversary.

No Free Lunch in Online Learning. You might wonder if without any more assumptions if

it is even possible for us to make a learner algorithm that works. As such, we play the following
game where:

X = {students in class}, Y = {£1}
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and Omar acts as the adversary and randomly chooses us to predict the points. However, he
repeatedly just chooses opposite labels to what we predict! The main idea here is that the adversary
can at each step just create a new hypothesis so our (the learner’s) predictions are wrong. More
rigorously:

Theorem 6.1 (NFL in Online Learning). For any finite domain X = {z1,...,xn} and any learner
A, there exists a target function f* : X — {1} such that A makes N mistakes on the sequence
r1,X2,...,TN-.

Proof. Present the instances x1,x9,...,xy to A, and define f*(x;) = —g; where ¢; is the label
predicted by A. O

Corollary 6.2 (Corollary of NFL). For any infinite domain X and any learner A, there exists a
target function f*: X — {+1} such that A makes a mistake in each round.

As such, we can see that our setup so far requires more assumptions. Thus, we will now
need some more prior knowledge. To start, we assume y = f* for some f* € H, and we assume
“hypothesis class” H C Y¥ where the learner knows H but not f*. Moreover, for now we will
assume {(z;, y;)}i>1 is realizable by H.

Similar to our previous idea of PAC-learnability, we now present the analogous Mistake Bound
Model:

Definition 6.3 (Mistake Bound Model). Algorithm A learns a hypothesis class H with a mistake
bound M if learner A makes at most M mistakes on any sequence of examples consistent with some
ffeH.

This is actually a very strong statement as we are making no assumptions on the order of the
sequence {x;}; and asserting that even if we give infinitely many samples to A, A will be correct
for all but finitely many samples. The only assumption we make is that f* € H.

We now try to understand if finite hypothesis classes are learnable under this Mistake Bound
Model. The answer is yes, and we give the very simple CONSISTENTy learner that demonstrates
this:

e Initialize the version space V) = H.
e For roundst=1,2,...

— Upon receiving z; € X, choose a predictor hy € V; and predict ¢ = hy(zy).

— Upon receiving the true label y;, update the version space
Vitr ={h € Vi : h(zt) = yt}.
We now prove that this learner has a bounded number of mistakes:

Theorem 6.4 (Mistake Bound for CONSISTENT ; Learner). On any sequence ((x¢,yt))i>1 real-
izable by H, CONSISTENTy makes at most |H| — 1 mistakes.

Proof. If y; # 4, then h; is removed from Vi, so |Viyi| < |Vi| — 1. The true target f* always
remains in the version space (i.e. V1, Va,...), hence |V;| > 1 for all ¢t. Therefore the version space
can shrink by at least one only a total of |[Vi| — 1 = |H| — 1 times, which bounds the total number
of mistakes by |H| — 1. O
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Now can we do better than this |H| — 1 mistake bound given by the CONSISTENT ; learner?
The answer is yes, as we see with the below HALVING g learner:

e Initialize the version space V; = H.
e Forroundst=1,2,...

— Upon receiving x; € X, predict g = MAJORITY(h(xt) che Vt)

— Upon receiving the true label y;, update the version space
Vi1 = {h € Vi : h(xt) =y}

Theorem 6.5 (Mistake Bound for HALVINGy Learner). On any sequence ((x¢,yt))e>1 realizable
by H, Halvingy makes at most logy(|H|) mistakes.

Proof. 1f y; # U, the majority vote on {h(x;) : h € V;} is wrong, so at least half of the hypotheses
in V; misclassify z; and are eliminated when we update to Viy;. Hence |Viy1| < |Vi|/2. The true
target f* always remains in the version space, so |V;| > 1 for all t. After m mistakes we therefore
have 1 < |Vi41| < |H|/2™, which implies m < log, |H|. O

This is a sure improvement! Before seeing if we can improve this even further or generalize this
to infinite hypothesis classes, we present a some preliminaries under the mistake bound model:

Definition 6.6 (Conservative Online Learning Algorithm). An online learning algorithm A is
conservative if it only changes its state (i.e. predictor) when it makes a mistake.

Theorem 6.7 (Conservative Online Learning Algorithms Preserve Mistake Bound). If a hypothesis
class H is online learnable with a mistake bound M, then it is online learnable by a conservative
algorithm with mistake bound M .

Proof sketch. Given any online learning algorithm A with mistake bound M, define a new algorithm
A’ that simulates A and, whenever A predicts correctly on (x4, %), discards any function update
(i.e. does not change the state). When A errs, A’ performs the same update as A. So A’ changes
its state only on mistakes, and so it is conservative.

Moreover, the state of A" after seeing N examples is exactly the state of A if it only sees the

examples on which it made a mistake, which is a legal sequence of examples as per
Thus if A sees > M mistakes out of these N samples, after the Mth mistake it is guaranteed to

give a state/predictor that yields no more mistakes = A’ by the Mth mistake will also no longer
give anymore mistakes. So A" makes at most M mistakes. O

We now test the boundaries of our theory with the following infinite threshold hypothesis class:

X =1[0,1, H={xw~sign(z—0)|0¢c]0,1]}
Recall We now show that H is NOT learnable under the Mistake Bound Model:

Proof. We present the following procedure to show that for any learner A, we can make sure it has
infinitely many mistakes.

e Start with I; =0, = 1.
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e For roundst=1,2,...

— Present xy = Iy + (ry — 1) /2.
— If A predicts gy = +1, set y; = —1 and update l;11 = x4.
— If A predicts gy = —1, set y; = +1 and update 41 = xy.

e Observe that for all rounds ¢, any threshold 6 € (l;11,7441) is consistent with ((z¢,y))%_;.

e So there is no bound on the number of mistakes our learner A will make on this H-realizable
sequence of examples.

O

Observe that the things that is being exploited here is the infinite precision of §. This is a big
(negative) result. First, we should realize that online learnability is a generally stronger condition
than PAC-learnability. Secondly, this result on H implies we cannot learn halfspaces in higher
dimensions! This still begs the question:

Can we have a characterization of which classes H are online learnable?

We back up a little bit. Recall how in PAC-learning, we had the combinatorial characterization
of the VC dimension to easily tell us if something is PAC-learnable. For online learnability, this
parallel quantity will be based on Littlestone trees and dimension.

6.2 Littlestone Dimension for Online Learning (Lecture 9)

Definition 6.8 (Littlestone Trees Definition). A Littlestone tree of depth d is a complete binary tree
whose internal nodes are labeled by instances from X, and whose two edges connecting a node to its
children are labeled with +1 and —1 such that every finite path emanating from the root is consistent
with some concept in H. That is, a Littlestone tree is a collection {x, : 0 < k < d, u € {+1}¥} C X
such that for every y € {£1}?, there exists h € H with h(xy,.,.) = Yr+1 for 0 <k < d.

The definition is a little thick, so we just show a picture:
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We now define the Littlestone Dimension, which is our magic sauce:

Definition 6.9 (Littlestone Dimension). The Littlestone dimension of H, denoted lit(H ), is defined
as the largest integer d such that there exists a Littlestone tree for H of depth d.

Using this new technology lit(H), we now demonstrate its relevance to understanding when
online learning is possible:

Theorem 6.10 (Lower Littlestone Bound of Mistake Bound of A). For any class H and any
learner A, the mistake bound of A for learning H is > lit(H).

Proof. We first let T := lit(H) and consider a Littlestone tree for H of depth T. We will start
with z1 being the root of the tree. Now for iteration 1 < ¢ < T, we will present the root x; of the
current subtree to the learner A. Now defining A’s prediction as g;, we will recurse downwards to
the opposite subtree which will label z; with —g;. So the A has effectively mislabeled ;.

Note then by definition of our Littlestone tree with depth 7', this path of depth T is realizable
by H. So, we have forced our learner A to make > T mistakes. O

Theorem 6.11 (Upper Littlestone Bound of Some Learner A). For any class H, there exists a
learner A that learns H with a mistake bound of < lit(H).

Note that this is generally a tighter improvement over the log,(|H|) upper bound.

Proof. We first present the standard optimal algorithm (SOA), which we will use our learner. Then
we will later show that it has at most lit(H) mistakes. We start SOA by initializing the version
space V7 = H and then for rounds ¢ proceed as follows:

e Receive x; € X

For r € {+1}, let V") = {h € V; : h(w;) = r}

Predict g; = argmax,.c {il}lit(Vt(r)). So we are predicting the label which’s associated hy-
pothesis class has the higher Littlestone dimension.

e Upon receiving the true label y;, update the version space Viy; = {h € Vi : h(x¢) =y }.

First note that because Viy; C Vi always, lit(Vigr) < lit(Vy). If y; # §¢ then we claim this
implies that lit(Vi41) < lit(V;) — 1. First observe that Viy1 = V,¥). BWOC, assume lit(Vj41) =
lit(‘/;(y‘)) = 1it(V;). Then we know for sure by our argmax rule that lit(Vt@t)) > lit(Vt(yt)) = 1it(V;).
And we also know that Vt(yt) CV; = lit(Vt(gt)) < 1it(V;). So therefore, this implies:

1t (V) = 1ie (V) = 1it(V))

So this means Vt(H) and Vt(fl) both have associated d-depth Littlestone trees. So we can
just create a new tree with x; at the root with the associated d-depth Littlestone trees on the
+1 and —1 edge accordingly. But because we are only using functions in V; to create this bigger
tree of depth lit(V;) + 1, this means the Littlestone dimension of V; is > lit(V;) + 1, which is a
contradiction of the maximality of lit(V;). Thus, we can conclude in the case of a mistake at iteration
t,1it(Vig1) <lit(V;) — 1 = the total number of mistakes will be at most lit(V;) = lit(H). O
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Corollary 6.12 (Mistake Bound Model Learnability <= Finite lit(H)). A class H is learnable
in the Mistake Bound model if and only if the Littlestone dimension of H, lit(H), is finite.

From the above corollary, we would be interested in the Littlestone dimensions of our thresholds
hypothesis class H. Indeed, lit(H) = oo as illustrated by the below ﬁgureﬂ

1/2
1/4 3/4
P e . .
/s 38 5/ 78 Figure from S. Shalev-Shwartz and S. Ben-David,

Understanding Machine Learning: From Theory to Algorithms

This should be quite impressive considering ve(H) = 1. Similarly, for halfspaces G (linear
predictors) in R, lit(G) = oo but vc(G) = d + 1. Moreover, in general it holds that for any class
H, ve(H) <it(H) as using any VC shattered set of points we can construct a Littlestone tree with
that depthP?]

So far we have only seen finite hypothesis classes be online learnable in part because they all
have finite Littlestone dimension. So are there any examples of online learnable infinite hypothesis
classes? Indeed the answer is yes:

X =[0,1,H={xw 1z =0]]0€[0,1]}

Proof. We claim that lit(H) = 1. It is trivial that lit(H) > 1. Moreover, we can consider a learner
A which will predict 0 until it receives a true label of 1, and then memorize this 6 and predict the
correct answer after that. Then A will make at most 1 mistake and so by 1> 1it(H).
Thus we are finished. 0

Online-to-Batch Conversion Schemes. We end this lecture by understanding the relationship
between Mistake Bound Learnability and PAC learnability. To start, one implies the other as:

Mistake Bound Learnability = vc(H) <lit(H) < co = vc(H) < oo = PAC-learnability

But to constructively prove this result, we present the Longest Running Survivor technique.
To start, we take as input (e,0) € (0,1)2, a (conservativeEI) online learner A with mistake bound
M, and training samples S = {(x;,y;)}/~; ~ D. We will then run the online learner A on S
until it can produce a hypothesis h that survives > 1 In(M/d) examples. We claim this leads to a
PAC-satisfiable hypothesis:

Theorem 6.13 (Longest Running Survivor Technique (LRST) Yields PAC-Satisfiable Hypothesis).
For any class H, let A be an online learning algorithm with Mistake Bound M(H). Then the Longest
M log(M/6)

o ) examples and with probability at least

Running Survivor technique halts after seeing O(
1 — 9, produces a hypothesis with error < e.

!Note that in our demonstration that thresholds are NOT learnable under the Mistake Bound Model, we essentially
demonstrated that we can create a Littlestone Tree of infinite depth.

2Just use the same instances across our shattered set for each level. So if {2;}7", is our sequence of m shattered
points, we can make a Littlestone tree with instance x1 as head, instance z2 for the second level, and so forth.

3By [Theorem 6.7, we can WLOG assume our learner to be conservative.
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Proof. Note that for any produced hypothesis h:

P(any single survived h has error > ¢) < (1 — 6)1n(6/M)/E <o0/M

Furthermore, because A is conservative it will at most have M different hypotheses outputtedﬂ
So taking a union bound over all of them, there is a less than § probability any of them will have
error > e. O

6.3 Beyond Realizability: Introducing Regret (Lecture 10)

We have so far assumed that the sequence {(z;,y;)}: fed into our online learner is realizable by our
hypothesis class H C YX. We used this assumption in our understanding of the Mistake Bound
Model of (online) learning. But now consider the case in which an adversary’s inputted examples
and reported labels are not consistent with some function in H.

This brings us to this notion of regret. We will still assume a sequential game between a Learner
and an Adversary, where the Learner has access to a reference/benchmark class H. But we are
now longer assuming {(x;,y;)}; is realizable by H.

The goal for our learner now is not to achieve finitely many mistakes, but instead the weaker
goal of minimizing regret:

T T

1y — mi 1
> 1o # v ﬁ%lﬁz {h(zt) # ye}
t=1 t=1

So it’s okay if our learner screws up, we just want it to screw up less relative to what’s possible
in H. Note that this also recovers the previous realizable setting (think about what happens to

. T
minpen Y g Hh(@e) # yi}).

As is no surprise, we will try to make a bound for the regret. Naturally, we should shoot for a
regret bound that sub-linearly grows with T, such as v/T', as this would mean the average increase
in regret per time step would | 0 as 7' — oo. Unfortunately, given our current setup, sublinear
regret is unachievable. Consider the following counter example:

e Consider a stupid hypothesis class H = {hy,h_}, where h, always predicts +1 and h_ is
vice versa

e For any (deterministic) learner A, there will always exist a sequence {(z;,y;)}2; such that

A makes T mistakes (refer to [Theorem 6.1

e This means that minpezr > 1, 1{h(z) # v} <T/2 = the regret of A > T2

So to go beyond this result, we have to consider randomized learners. What this means is that
on each round ¢, the adversary will decide on a label y; without observing the randomness the
learner might perform to produce a prediction (e.g. flipping a coin). Hence, our previous proof will
not apply (in particular the word “always” in the second bullet). Given this randomization in A,
we are now going to analyze the expected regret of the Learner:

“This also means it will take at most M - In(M/§)/e examples, as each hypothesis requires In(M/§)/e.
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T T
ZEA[l{@t #yt] — {Lfélgz Hh(ze) # ye}t
t=1 t=1

Now can we achieve sub-linear (expected) regret with randomized learners? The answer is yes.
One procedure that demonstrates this is the very famous multiplicative weights procedure for finite
|H|, which we detail below:

e Initialize weights Wi (h) = 1 for each h € H and distribution P;(h) = Wi (h)/|H].
e Now for rounds t =1,2,...,T":

— Adversary chooses z; € X.

Learner randomly draws a predictor hy ~ P; and predicts g = hy(x).

Adversary reveals true label y;.

— Learner updates distribution

W1 (h) = Wih) exp (=n1{h(z:) # 1:}), Pea(h) = W>

where Wiy1 := 3, cg Wig1(h) is a normalization factor.

So we are essentially always re-weighting in a way to place more mass on the “good” predictors
in H. Morally, this is also similar to AdaBoost as we shall see at the end of the lecture. We now
present the following bound on the expected regret:

Theorem 6.14 (Multiplicative Weights Sub-Linear Expected Regret Bound). On any sequence
{(z¢, 1)} and any n > 0, the regret of Multiplicative Weights satisfies
T T
. In|H|l Tn
E|1{y - 1{h < =iy =21
; [ {9 #yt}] i‘é?; {h(2e) # w} < " + 3

We now prove this statement:

Proof.
Lemma 6.15. From Hoeffding’s Bound, for any random variable X with a < X <b, Vs € R,
s2(b— a)?

8

For each h € H, let us define Ly, := S/_ 1{h(z;) # y:}. Observe then the following (note
W1, Wr41 were defined as normalization factors):

InE[e*¥] < sE[X] +

| Wi
n 2T+l

T () exp(—nLy)) —In|H| > In(max exp(—nLy)) — In|H| = —nmin L, —In|H]|, ()

heH
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Next, for each t = 1,...,T, by definition of the update,

Wi I > nen Wi(h) exp ( —n{h(z;) # yt})
Wi ZheH Wt(h)

Invoking our lemma above implies that

In = InEpp, [exp(=n1{h(z) # vi})] -

Wi U
n W < (1) £ u +
Wy 8
So we have:

T T
1% W, W 2T
bt (Tt ) = ot < X Evem it £+ 2

t=1 t=1

Putting the above lower bound and previous upper bound (see (%) equation) for In(Wry1/W7)
together gives

. Wria 2T
—nmin Ly —In|H| <In 7= < antht [1{h(z:) # yi}] +
By rearranging terms and dividing by 7,
T
In|H
ZEhNPt [1{h(xs) # y}] mlnz L{h(z) # y} < | | 8
t=1

Finally, observe that Ej.p, [1{h(:1;t) + yt}] = E[l{g}t # yt}] by the prediction strategy of
Multiplicative Weights. So we have proved the desired result. ]

Optimizing (i.e. minimizing) this upper bound as a function of 7, we have:

Corollary 6.16 (Multiplicative Weights Sub-Linear Regret Bound). Choosing n = /81n|H|/T,

achieves a sub-linear regret of \/(T/2)1In|H]|.

Sub-Linear Regret Bound for Finite Littlestone Dimension. So the multiplicative weights
procedure achieves sub-linear expected regret on finite classes H. Let’s relax the finiteness assump-
tion to hypothesis classes with finite Littlestone DimensionE] lit(H). We can make the following
regret guarantee:

Theorem 6.17 (Sub-Linear Expected Regret Bound for lit(H) < o0.). For any class H, there
exists an online learner A such that on any sequence {(x1,y:)}l—1, A achieves a regret guarantee of

T T
;Em{gt #y}] — 2%12; 1{h(z;) # yi} < \/(T/Q) lit(H) In (eT/ lit(H)).

Tt is a good exercise to think of why finite VC Dimension classes do not tell us anything on if sub-linear regret
bounds are possible. Answer: Recall our thresholds hypothesis class H with a meager VC dimension of one. It was
not learnable in the (realizable) Mistake Bound model setting as at each time step in the Learner-Adversary game we
could create a consistent sequence with H where the learner always screwed up. Thus, there is no hope for sub-linear
regret as the Zthl 1{g: # y} can always be made x T
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We now show how such a learner A is possible. To do so, we will run the Multiplicative Weights
algorithm on a suitably defined set of expertﬂ Moreover, we will use different instantiations of the
Standard Optimal Algorithm (SOA) to form these experts. Recall that we used the SOA learner
in for its mistake bound of lit(H). Then we will finish by arguing that for all h € H
and each z1,...,zp, we will find some expert that behaves like h on x1,...,z7.

We now go into the details. For each M < lit(H) and indices 1 < iy < -+ < iy < T, we will
define an expert:

Expert (i1,...,ipn)-
Initialize the version space Vi = H.
For rounds t =1,2,...,T":

1. Receive x; € X.

2. For r € {£1}, let V;(T) ={h e Vi: h(z) =r}.

3. Let gy = argmax,c(41} lit(Vt(T)).

4. If t € {i1,...,ipm}, then predict g = 1 — g;. Otherwise, predict §; = ;.

5. Update the version space Viy1 = {h € V; : h(z) = ¢}

where the main difference between this algorithm and SOA is on predictions for indices i1, . . ., i5s
and the version space update. At a high level, an Expert(iy,...,iy7) simulates a game a be-
tween SOA and the Adversary, where it assumes a-priori that SOA will make a mistake on rounds
i1,...,ip. We are going to run Multiplicative Weights with all these N possible experts where N
is given b

lit(H)

T el
Ve (r) = ™™

Using the regret guarantee of Multiplicative Weights, we have:

T T
> E[1{j #y:}] — min )Z 1[{Expert(i1, ..., im)(zt) # ye}] < /(T/2)In N
t:l ll,...,ZA{ t:l
But we are not done as we aim to compete not over the set of experts, but over the entire
hypothesis class H. To do this, we will use the following lemma:

Lemma 6.18. For any class H, any sequence x1,...,xp, and any h € H, there exists M <
lit(H) and indices 1 < 'iq,...,ipr < T such that, when running Expert(ii,...,ip) on the sequence
Z1,...,27, the expert predicts the label h(xy) on each round 1 <t <T. In other words, the expert
behaves exactly like h on the sequence x1,...,x.

Proof. Consider running SOA on the sequence (z1, h(z1)), ..., (zp, h(z7)). By guarantees of SOA,
it makes < lit(H) mistakes. Call the number of mistakes SOA makes as M and define the rounds

5The term “experts” here is identical to saying hypotheses, or a subset of a hypothesis class.
"The inequality displayed holds whenever T' > lit(H) + 2.
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these mistakes were made as 1 < iy,...,ipy < T. Observe M < lit(H) by SOA guarantee. By
construction, the predictions of Expert(iy, . .., iy7) differ from SOA only on roundsﬂ 1<ig,...,ip <
T', the exact rounds on which SOA will predict the wrong label (i.e. predict !h(z;;) for 1 < j < M).
So on all rounds, Expert(iy,...,iy) always predicts the label h(z;) on all rounds 1 <¢<T. [

The main idea here is that the finite sets of experts we have defined will essentially recover the

function class. Thus, Vh € H, following our theorem there is some i1,...,iy; and M such that
Expert(iy, ..., i) and h have the same loss on {(z;,;)}2_;. So for any sequence {(z;,v;)}L,, we
have:
T T
min Y I{Expert(it, ... i) (20) # ye}] < min > 1{A(xr) # yi}
(7,1,...,7,]w) =1 heH —1
T T
— E[1{g; — — mi 1{h <V(T/2)ln N
tz:; ({9 — ye}] 22151; {h(ze) # ye} < V/(T/2)In

So our demonstration of [I’heorem 6.17]is complete. Omar notes that we can actually tightly
lower bound this expected regret Regy (T) by O(\/lit(H) - T):

Theorem 6.19 (Littlestone Dimension Tightly Bounds Regret). For any class H, the regret is
tightly-bounded by the Littletone dimension of H,

O/ it(H)T) < Regy(T) < O(\/1it(H)T)
where O(g(n)) ignores logarithmic factors of log*[g(n)].

So Littlestone Dimension completely characterizes hypothesis classes that are online learnable
in both the realizable setting (last lecture) and agnostic setting (this section).

6.4 Connecting Boosting and Online Learning (Lecture 10)

We finish this lecture by investigating the connection between boosting and online learning. Specif-
ically, we can derive a boosting algorithm for weak-learners using the Multiplicative Weights pro-
cedure from online learning! But we will do this in a weird way through the dual space: datapoints
x € X are seen as the “experts” and predictors h € H will be chosen by the adversary. We formally
set this up:

e There is an unknown concept ¢ : X — {£1}

8Because the update step of SOA and Expert(i1, ...,4iar) look different, this might not be intuitive. However,
their update steps are actually identical, which we now prove. Assume VS04 = V™" for a time step ¢ (we are
using induction). Now if ¢t ¢ {i;} == SOA correctly outputted h(z;), so the §: = §: = h(x:) used to update
V,PXPert exactly matches the (correct) label h(z:) used to update V59, Now if ¢ € {i;}, the Expert’s §; = 1 — §; =
the opposite of SOA’s wrong output, or just h(z;). Thus, V;"P" will be updated on §; = h(z¢) and V594 will
be updated on the correct label h(z:) as usual. So because the update steps are equivalent across all time steps,
by induction we have shown V1 < ¢t < T, V.54 = VP So we can be confident their predictions only differ on
i1,...,i0m as deliberately prescribed by the Expert(ii,...,2a) algorithm.
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e We have access to a weak-learning algorithm B with edge v, s.t. VD over X, h = B(D) will
have Lp(h) <1/2 —~

e Initialize a distribution P; to be uniform over X
e Now for rounds t =1,2,...,T":
— Call weak-learner B; on Py, and let hy := B(P;), where Lp,(ht) <1/2—~

— Update P; distribution over X as follows:

Py(z) exp (— nl{h(z) = c(x)})

Pt+1(1:) = Zt 5

where Z; = 3, oy Py(x) exp ( — n1{h¢(z) = ¢(x)}) is a normalization factor.

We now demonstrate that this procedure gives us a “boosted” learner that perfectly learns c(x).

Proof. We go through this step by step. The proof is not that bad.

e Let’s write down the regret guarantee of Multiplicative Weights using n = 1/81n|X|/7T from
Corollary 6.10)

T

T
£ Eeen [100(0) = ()] = mip 1 1) = o)) <
t=1

2T

rzeX

Observe that E;.p, [l{ht(x) = c(ac)}] =1—Lp,(hy) > % + 7.

e By rearranging terms,

1 & In [ X|
: _ 1
;rélg(lfgl{ht(x)—c(x)} >5+7— ST
e Let T =2In|X|/+? so that 1/In|X|/(2T) = v/2.
e This ensures that .
.1
min 7= " 1{hu(e) = (@)} 2 1+ 3,

so Vo € X, strictly more than 50% of the classifiers in {hy,...,h:} agree with ¢(z). Thus,
this implies that Vo € X : MAJ(h1,...,h7r)(z) = c(x), where MAJ is a majority vote.
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6.5 Margin-Based Learning (Lecture 11)

We now take a step back. Previously, we saw how our thresholds hypothesis class H had infinite
Littlestone dimension and was thus not online learnable. But recall this was done through feeding
our learner a path of an infinite Littlestone tree. Thus, when asserting H is not online learnable we
are assuming effectively infinite precision, which may feel like an unrealistically harsh judgement.
Can we go beyond this assumption? We can by using margins. The margin condition for a
halfspaces classifier with margin ~ is stated below:

Jw* e R4 V1 <t < T,y (w*,x) >y

One way to think about this margin is that perturbing a datapoint x; within distance 4 =
~/||w*||2 should not change the classificatior] of w* or equivalently:

Vi<t<T, inf y(w  x+A)>0
A[l2<5

This is likely made more clear through the below figure from Dr. Arvin Blum’s TTIC 31250
course:

From this, we now present the Perceptron algorithm and its margin-based mistake bound:

e Initialize w; = 0.
e For rounds t=1,2,...,T"

— Receive z; € X.
— Predict g, = sign((wy, x¢)).
— Observe true label ;.

— If g # ye, set wyp1 = wy + ypwy; otherwise set w1 = wy.

9The important thing to note here is that the scale of margin v is determined by |lw*]|2.
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Note that this algorithm cleanly does only one sweep over all T' examples. Moreover, the
Perceptron algorithm has the following famous margin-based mistake bound:

Theorem 6.20 (Perceptron mistake bound). Let {(z:,y:)}l_; be any sequence such that there
exists w* € R with V1 <t < T : y{w*, 2;) > v (margin condition). Then the number of mistakes
the Perceptron algorithm makes satisfies

T

> i #ub <

2
t=1 v

w3 - maxy <o |23

Before proving this statement, one important thing to note is that this bound is dimension-
independent (i.e. does not depend on d). We now prove this bound.

Proof. Tt might be helpful to recall C-S inequality before reading the below analysis.
e Let M; denote the number of mistakes in rounds 1,...,t.
o Let R? = maxj<i<r |43

e We will analyze two quantities, (w*,w;y1) and |Jwsi1]|3.

Observe that by definition of w1 update

(W* wip1) = <1U*, Z yi$i> = Z yi{w™, xi) > Myy

i<t i<t
Ui7Yi Ui7Yi

so in general V1 <t < T, Myy < (w*, wy1).

Claim: ||U)t+1||% < MtRQ.

— Base case: ||wq]|3 = 0.
— If there is no mistake in round ¢, then ||wii1]|3 = ||we|3 < My—1 R? = My R?.

— If there is a mistake in round ¢, then

lwigall3 = lwe + yee3
= [Jwe|l3 + 2ye(we, ) + [|lzell3
< w3 + flel3
< My 1 R? + ||lz4f3
< M,R%.

e Combining the previous two bullets, after all T rounds,
Mrpy < (w* wrir) < wll2llwrialle < [Jw*llav/ MrR?.

e Hence, /M7y < ||w*||2R/7. Squaring both sides completes the proof.
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Using the same assumptions as in {Theorem 6.20, we can give another (dimension-full) mistake
bound:

Theorem 6.21 (Halving Algorithm Mistake Bound). There exists an online algorithm A such that
on any sequence {(z,y:) Y, for which there evists w* € R? with V1 <t < T : y{w*,z) > v
(margin condition), the number of mistakes satisfies

T

Z 1{g # ye} < dlogy

t=1

<6Hw*|l2 - Max]<t<T ||xt|!2>
v

We now prove this statement.

Proof. Before reading this proof, it might be helpful to recall the equivalent “perturbation” defini-
tion of the margin condition.

e Strategy: we will construct a finite cover of the set of all possible halfspaces

H = {z v sign((w,«)) : w € RY, JJwll2 =1},

and argue that this suffices.

e Let C,, be an a-scale cover of the unit ball
Bl ={weR%: ||w|s =1}
with respect to the Euclidean norm, that is,

Vw € BY, 3 € C, with ||w — |z < a.
o Let u* = w*/||w*||2. From the margin condition,

VI<t<T, ylu*,z)>——:=B.
[[w*]]2

e Consider w € C, such that ||u* — @2 < a.

— What can we say about y;(w, x4)?

Y (W, ) = Y (W — u* +u”, xy) = yt<111 —ut, ) + yt<u*, Ty).

— Observe that y;(u*, z;) > [ by the margin condition as we previously showed.
— Also observe that

|y (@ — w*, )| < (|0 — w[lzf|zel2 < o2

e Thus, choosing a = , guarantees that

2maxi<i<r 2]l
VLSEST, yli ) > 8 olede > 62 >0
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e Because of the margin assumption, even if we “perturb” w* a little bit, we would still get
correct classifications. This allows us to cover the infinite space.

e Now we can run the Halving algorithm with the initial version space

Vi = {x — sign({(wq, ) : wa € Cy}.

e By the guarantee of Halvingjﬂ the number of mistakes is at most log,|V1| < logy|Ch/|

e To conclude, from known bounds on the covering number of Bg, it follows that

d
|Cal < <3) :
(6%

e Thus with some algebra and expanding out «, we get that the number of mistakes is at most

dlog, <6Hw*H2 : maX1<t<T||thH2> ‘
¥

O]

Phew! So far we have been assuming that there will be a linear separator with a margin holding
over all rounds/samples. But this may not always be the case. We can relax this assumption and
instead aim to compete with:

t
OPT, := min 1 w, ) <
v weRd,Hsz:l; {we 1) <7}
or essentially the fewest possible number of y-margin violations we can get through a unit-norm
halfspace. As we would expect, when the (y)-margin condition is met meaning 3 w* € R? s.t.
|w*|l2 = 1 and V1 < t < T,y (w*, ;) > vy, then OPT,, = 0. From this we can present a similar

bound to [Theorem 6.21} but for regret:

Theorem 6.22 (Halving Algorithm Regret Bound). For any~y > 0, there exists an online algorithm
A such that on any sequence {(z¢,y1)}_1, A achieves regret

T A T 6 maxi<i<r thH?
S E[1{g # )] - OPT, < [ S dlog,

t=1 Y

Before proving this theorem, we can reason about it a little bit. If v gets bigger, it makes sense
that the bound gets tighter as more of the y-margin violations counted in OPT, likely correspond
to incorrect classifications (counted in E [1{; # y;}] instead of a correct classification with a margin
< 7. So the two terms will be closer to each other.

We now the proof below:

Proof. Similar reasoning to before.

10The reason we can apply the Halving algorithm on V; is directly from our concluded result stated in the bullet
above: Cy contains @ (recall W) = sign({w,z)) € Vi1, where this halfspace can realize all our samples.
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Strategy is similar to before.

Let a = ’y/ (2 maxj<¢<r Hathg) and let C, be an a-scale cover of the unit ball
Bg ={we R? . |wl||2 = 1}
with respect to the Euclidean norm, that is,

Yw € BY, 3w € C, such that ||w — |z < a.

Fix an arbitrary w € BY and consider w € C,, with ||w — 1|2 < a.

— Consider an example (z,;) from the sequence {(z¢,y;)}1—;-

— If ye{w, z¢) >, i.e., Wy (w, z¢) <~} =0, then
ye(w, x) = ye{w, x1) — (0 —w, z0)| 2 v = |0 —wll2]|zell2 = v — allaila = v = /2> 0,
by the choice of a and [|jw — w2 < .

This implies by contrapositive that:

T

T
Z Hyi(w, z) <0} < Z Hy(w, z) <~}

t=1 t=1

Therefore, we have that

T T

min H{y (0, z;) <0} < min Z H{y(w, ) < v} = OPT,
A o =1
wl|o=

Based on the above analysis, it suffices to run Multiplicative Weights using the (finite) set
Cy as experts with the loss function 1{y;(w, z;) < 0}.

— Invoking its regret guarantee from implies that

T T
. . N T
tzlE [1{g: # ye}] — III}EUCTL ;1{Qt<w7$t> <0} < \/ §1n’Ca’-

Combining the above two bullets and expanding out In |C,| yields the stated regret bound.

O]
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Brief Comment on Online-to-Batch Conversions. We close with a brief revisiting of online-
to-batch conversions, where we take an online learner to create a non-trivial sample batch learner.
Here, we consider the averaging sample batch learner, which works as follows:

e Input: an online learner A, i.i.d. training samples S = {(z1,91),- -, (Tm,Ym)} ~ D.
e Run the online learner A on the sequence (z1,41), .- ., (©m,Ym) to obtain
hl :A(Q), SRR hi:A((leuyl)u"'7(xi—17yi—l))7 SRR h’m:A((xlayl)a”'7($m—laym—l))'

e Output the average h = L 3" h;.

Our claim is as follows:

V distributions D over X X Y,Eg.pm|[Lp(A(S))] < hln]fq Lp(h)+ Reg(A; H,m)
€

where the last term is a regret term. This can be shown as follows:

Eswpm [Lp(A(S))] = Egpm

1 m
Lp (m ; hz)] = Es~pm

1
< Es~pm [}ig}f;m ;f(h, (i, 9i))

1 m
mzmhi)]
=1
1 m
:]Ervmi gh’la 1y Y1 Sth
S~D !m; (hi, (zi, ) +Reg < inf p(h) + Reg

definition of a regret bound with Eg. pm applied on all sides

where you can convince yourself of the last inequality E[inf...] <infE[...].
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Chapter 7

An Aside: Game-Theoretic Learning
(Lecture 11)

A lot of the learner/adversary problems we have been looking at so far can be viewed through a
game-theoretic lens. As such, we introduce some game theory fundamentals on min max optimiza-
tion in this short chapter.

Let us consider two player zero-sum games (e.g. rock, paper, scissors). The game can be defined
by a matrix M € [0, 1]™*™ where when row-player chooses row i and column-player chooses row j,
the row-player will incur loss M (i, 7). An example game matrix is given belowE]:

Rock Paper Scissors
Rock : 1 0
Paper 0 3 1
Scissors 1 0 :

The goal is for the row-player to minimize their loss, and for the column-player to maximize
their loss. Each player will have their own strategies. Allowing for randomized (or mixed) strategies,
we can say that the row-player has a distribution P over the rows and the column-player has a
distribution @ over the the columns. Assuming independence of the strategies (i.e. P L @), the
expected loss is M(P,Q) = >_, ; P())Q(j) - M (i, j).

Let us now consider what would happen in a sequential play:
e Suppose row-player plays the first strategy P.

e Column-player can then maximize loss by playing the @ that maximizes M (P, Q). The row-
player loss will be maxg M (P, Q).

e Knowing this, the row-player should choose P to minimize maxg M (P, Q).

e Thus, the loss of the row-player will be minp maxg M (P, Q)), and the strategy P* that realizes
this is called a minimax strategy.

!Credit: From R. Schapire and Y. Freund, Boosting: Foundations and Algorithms, Chapter 6, Section 6.1.
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If the roles were reversed and the column-player would play first, their loss would be maxg minp M (P, Q).
The strategy Q* that realizes this would be called an mazxmin strategy.

The Minmax Theorem. Intuitively, we would expect the player who chooses last to have an
advantage as it plays after knowing the opponent’s strategy. So if P plays first we would expect
maxg minp M (P, Q) < minp maxg M (P, Q), where recall that the column-player aims to increase
maxg minp M (P, Q).

It turns out that there is no real advantage to playing first (i.e. the inequality cannot be made
strict). This is given in the below theorem:

Theorem 7.1 (Minmax Theorem). For any finite matriz M with entries in [0, 1],

mgx mgn M(P,Q) = m}in méxx M(P,Q) :=v

where v is often called the value of the game. So the minmax P* (maxmin Q*) strategy will
incur loss at most (at least) v, regardless of the column (row) strategy.
We now prove this theorem:

Proof. Perhaps unexpectedly, will use Multiplicative Weights!
e First, minp maxg M (P, Q) > maxgminp M (P, Q).
— Fix any P and Q, M (P, Q) > minp M (P, Q).
— Thus, maxq M(P,Q) > maxg minp M (P, Q).
— But this was for any fixed P and so applying min p yields the desired result.
e Second, minp maxg M (P, () < maxgminp M (P, Q).

— We will use Multiplicative Weights!
— Specifically, we consider a sequential game for 1" rounds.
* Initialize P; to be uniform over rows of M.
* For 1 <¢t<T:
- Q¢ = argmaxg M (P, Q).
B exp (= nM(i,Qr))

- Py (i) = Z :
— Let P = %Zthl P,and Q= %Zthl Q:. Then, we have:
m}in mgx M(P,Q) < mgx M(P,Q) (plug in P)
1 I
= man T Z M(P, Q) (definition of P)
t=1
1 T
< T ngx M(P, Q) (max vs. average)
t=1
1 T
=T Z M(P;, Q) (definition of Q)
t=1



T
o1
< min ; M(P,Q¢) + Ar (MW regret guarantee)

= min M(P,Q) + Ar (definition of Q)
< :
< maxmin M(P,Q)+ Ar

In(|R f M . . .
— By MW regret guarantee, Ap < W, which can be made arbitrarily small

by taking 7" large. Note that the 7" term in the denominator (cf. [Corollary 6.16)) comes

from Ar being the regret bound averaged over all T' timesteps.

— So P is an approximate minmax strategy:
mgx M(P,Q) < mgxmgn M(P,Q) + Arp

which means that using P, any strategy @ will have a payoff arbitrarily closely bounded
to the value of the game.

— And similarly, @ is an approximate maxmin strategy:

mgn M(P,Q) > mgn max M(P,Q) + Ar
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Chapter 8

One-Inclusion Graph (Lecture 12)

This lecture was given by Yale FDS Postdoctoral Fellow Alkis Kalavasis. We use this last lecture as
a primer to an extremely useful but unintuitive object in learning theory: the one-inclusion graph.
Note that the proofs in this section are especially difficult, and hence grasping their main ideas is
more than sufficient.

We start by understanding the Permutation Mistake Bound Model, which uses the standard
setup of an instance space X and binary labels Y = {£1}. Moreover, suppose we have a hypothesis
class H C YX with ve(H) = d < oco. We can then write that H induces the following set REx (n)
of realizable datasets:

REg(n) = {{(z1,h(z1)),..., (xn, h(xn))} 1 21,...,2n € X,h € H}

Recall that our typical online learning strategy for H is a mapping @ : (J,,- (X xY)"IxX Y.
We are now interested in the leave-one-out (LOO) mistake bound:

n
Mugn)= swp 5 1{Q(S_i,m1) £ vi)

SEREy(n) ™ 5
where S_; is just S — {(zi,yi)}. Observe that we are essentially using (x;,y;) as the test point
for “hypothesis” Q(S_;,-). As is reasonable, the adversary would pick the worst-case realizable
dataset S € REg(n) with knowledge of Q. Thus, our end goal should be to design a @) with a small

LOO mistake bound.

You might wonder why we are a priori caring so much about minimizing this weird LOO Mistake
Bound. We present and prove the following theorem connecting this bound to the population error:

Theorem 8.1 (LOO Mistake Bound Controls Population Error). For any prediction strategy Q,
any distribution D over X x Y such that 3h* € H where Lp(h*) =0,

Es~pn [Lp(Qs)] = Es~pr [E(W)ND [1{Q(S, x) # Q}H < Mug(n+1).
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Proof. This proof relies mainly on getting Lp(Qg) into a form similar to the LOO Mistake Bound.

n+1
Espn [Lp(Qs)] = Es~pr |:E(x,y)~D [1{Q(S,z) # y}]} =Eg _pn [n—li—l Z {Q(S_i, z;) # yi}
n+1 ~ =
< osup —— ) YOS, z) #yit = Mugo(n+1)

gGREH(n—‘rl) n+1 i=1
O
Later, we will use to establish learnability. For now, we return to our original

question:

How do we design ) to minimize the LOO Mistake Bound?

For that, we will require some more advanced technology.

Defining the One-Inclusion Graph. Alkis notes that this is very counterintuitive. We start
with setup:

e Given a hypothesis class H and n points z1,...,z, € X, we define the following graph
Gn = Vo, Ep).

e The set of vertices can be given as:
Vn = {{(xla h(xl))v R (x?% h(x”))} | h € H}

— So every possible labeling of z1,...,z, by some h € H corresponds to a vertex in V.

— Given that H has VC dimension d, what is an upper bound on |V,|? (Hint: Sauer-
Shelah-Perles Lemma)

e The set of edges (note A gives the symmetric difference):

E, = {{v,u} | v,u € V and uAv = {(x;,+), (z;, —)} for some i € [n]}

— So two vertices v,u € V are connected by an edge <= they disagree on the label of a
single datapoint / coordinate i € [n]

We now attach a below figure from Haussler, Littlestone, and Warmuth (1994) of a 1-inclusion
graph for a hypothesis class of VC Dimension 2. Note that in the below graph, a vertex labeled
as {x1, 2} means that for some h € H, the only data points in z1,...,x, labeled as +1 by h are
{1, 22}

70


https://en.wikipedia.org/wiki/Symmetric_difference
https://dl.acm.org/doi/abs/10.1006/inco.1994.1097

{x;} {x} {x3} e {x,}

{x;, x5} {x5. x5} o {x,_px}
Ly, 213} N Y

\ /
. ,

{x X 1} {9 %3, s X, }

Fig. 1. l-inclusion graph for a function class of VC dimension 2.

So we can see that all connected vertices are one observation away from each other. Currently,
observe that our one-inclusion graph G,, = (V,,, E,) is orientationless (i.e. all edges are undirected.)
We can define an orientation of G, as a mapping O : E,, — V,, such that O({v,u}) € {v,u}. Now
recall for a vertex v € V,,, the degree of v or deg(v) is the number of edges incident of v. Furthermore,
by definition of E,,, max,cy, deg(v) < n. There is one kind of degree we especially care about, the
out-degree. Formally speaking, for an orientation O : E, — V,, of G, and a vertex v € V,,, the
out-degree outdeg(v; O) will be the number of edges incident on v directed away from v.

As you may be able to guess, the orientations will be crucial here. Fix an orientation O : E,, —
V. We can define a prediction strategy Qo based on O as follows:

e Receive n — 1 labeled points S_,, = {(z1,41),. .., (®n—1,Yn—1)} and unlabeled point =, € X
as input. Assume S_,, is realizable by H.

e Consider the one-inclusion graph G,, constructed with {z1,...,2,}
e Case 1

— If there is only a unique vertex v such that S_,, C v, then predict label y, of x, that
appears in this vertex.

e Case 2

— If there are two vertices v,u € V such that S_,, C v and S_,, C u, that means H induces
two possible labelings for x,,. Moreover, by definiton of FE,, there is an edge between v
and u. So predict the label of the vertex which orientation O points towards.
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Thus O is essentially deciding our tiebreakers in the (much more frequent) second case. Now
the magic of the one-inclusion graph out-degree is its relationship to the LOO Mistake Bound. We
present this below:

n

1 outdeg(v; O)
- 1 S_i, it = —_—
sl ) 2 HQo(Si0) # i} = max =

(%)
The reasoning is as follows: V.S € REg(n), 3 v =5 € V,, where observe that for a fixed x;:

Qo(S—i,x;) #y; <= O directs an edge away from v

so summing across all 1 < i < n yields > " | 1{Qo(S—i, xi) # yi} = outdeg(v; O). So for any
vertex v € V', the number of out-going edges based on orientation O will be the number of times
prediction strategy () makes a mistake. So from (%), it is clear that we want to minimize the
maximum out-degree. And here is a crazy theorem giving is just that bound.

Theorem 8.2 (Oriented OIG has VC-Bounded Maximum Out-degree). For any H and any
X1,..., 2y € X, the induced one-inclusion graph G, = (V,, E,) can be oriented such that the
mazximum out-degree is at most d (VC dimension of H). That is, there exists O* : E, — V,, such
that
td :0%) <d
max outdeg(v; 0%) <

Corollary 8.3 (Finite VC Dimension Bounds LOO Mistake Bound). For any class H with VC
dimension d, there exists a prediction strategy QQ based on orienting the one-inclusion graph such

that the LOO mistake bound p

Mpy g (n) < o
Note that it is highly non-trivial to both prove and actually construct the one-
inclusion graph.
We now prove This proof is done through two lemmas, both of which we provide
below with proofs. Before reading through the proofs, it is probably good to first just read both the
Lemma statements and see how they combine to yield[Theorem 8.2 Moreover, Alkis comments that

understanding the W # 0 subcase of Case Two in the first Lemma is near impossible.
Lemma 8.4 (OIG’s Density Bounded by VC Dimension Lemma). For any H and any x1,. ..,z €
X, the induced one-inclusion graph G, = (Vy,, Ey,) satisfies:

En
density(Gy) = ||V ||

<d:=wvc(H)

Proof. The case d = 0 is trivial. We assume that d > 0. The proof proceeds by induction on n.
When n = 1, G,, contains one vertex, and the result follows trivially for all d. For the induction
step, we will prove the result for n > 0, assuming that the result holds for n — 1. There are two
cases.

Case 1. x, = z; for some 1 < i <n. Let F' = Gg(x1,...,2,—1), where Gp(+) essentially creates
the OIG from H and the given datapoints. Since x,, already appears in {x1,...,z,_1}, the vertex
set of F' is the same as that of G, and the edge set of G is the same as the edge set of F', except
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that all edges that are incident on z,, in F are missinﬂ from G. Hence dens(G) < dens(F') < d by
assumption.

Case 2. ©, # z; for all 1 <1i < n. We construct a mapping 7 of the vertices of G onto the vertices
of another 1-inclusion graph F. Then F' = Gg(z1,...,2,-1). The mapping n from vertices of G
to vertices of F' is defined by

nw) =v—{(zn,yn) }-

Thus two vertices of G map to the same vertex of F' if and only if there is an edge between them
that is specifically caused by disagreement in coordinate n. Note that either one or two vertices of
G map to each vertex of F'. Now let W be the set of all vertices of F' whose inverse image under 7
contains two vertices of G.

o If IV is empty, then all vertices in G never have single disagreements with each other on only
the nth coordinate. Moreover, W = () means 7 is bijective = the number of vertices of G
equals the number of vertices of F' and for every edge of G there exists a distinct corresponding
edge in F' (as edges in G must be for coordinate disagreements other than the nth coordinate).
Thus we have dens(G) < dens(F') < d by the induction hypothesis, and we are done.

e In the case that W # 0, we cryP]

O]

Lemma 8.5 (Density Upper Bound Yields Max Out Degree Bound). An arbitrary graph G = (V, E)
with density(G) < d can be oriented such that the mazximum out-degree is at most d.

Proof. We will prove this statement up to constants (i.e. we show the maximum out-degree is at
most 2d.)

e We will build an orientation O* of the original graph G = (V, E) iteratively. Define G(9) := G.

(0)
e Observe density(G() = m <d.

1 2| E(GO)|

e The average degree of G(¥ is W Zvev(G(O)) deg o) (v) < 2d.

R
e Hence there exists a vertex v € V(G()) such that degg) (v) < 2d.

e In the final orientation O* of the original graph G, orient all edges of G(©) incident to v
outward from v. After this step, outdeg(O*,v) = degq) (v) < 2d.

e Now delete v and all edges incident to v from G(© graph to obtain G().

!This is due to a small technical condition we skipped when defining E,,. In addition to our constraints for two
vertices to be connected via an edge, the data point they are disagreeing over must only appear once in z1,...,Zx.
Thus because x,, = x;, these edges in F' will not be in G.

*We skipped this case in class due to running out of time and how difficult it was. The proof (sketch) is in the
slides.
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e Observe that G can equivalently be constructed by removing the hypothesis h € H that
induces the labeling of v, and using the resulting class H' C H. Moreover by the
new graph still satisfies density(G(1)) < d as this bound is not dependent on n but H.

e Repeat the same procedure on G() (and then on G® GG, .. ).

e Every vertex v is processed exactly once and set such that its out-degree is < 2d in the final
O* orientation. Therefore Vv € V, outdeg(v; O*) < 2d = max,cy outdeg(v; O*) < 2d.

O]

Congratulations! To some extent, we have proven In case you needed a reminder
of why this all matters it is stated below, where > can be taken to literally mean “controls”:

Finite VC Dimension > Max Out-Degree in OIG = LOO Mistake Bound > Population Error

and in more rigorous proof form:

Theorem 8.6 (OIG-Proved Result of VC Dimension Yields PAC-Learnability). For any class H
with ve(H) = d, there exists an (e, 9)-PAC-learner OIG (i.e. based on the one-inclusion graph) for
H with sample complezity:

d 1
<ol lo0=
m(e, )_O(e 0g5>

Proof. Set n = 2d/e. For any S ~ D""! let Qg be the prediction strategy based on the one-
inclusion graph.

e By Markov’s inequality,

E n-1[L M d 1
Ps.pn-1[Lp(Qs) > ¢] < ==L :[Lp(Qs)] < 1.0 < —=c
5 € ne 2
e Boosting the confidence ¢:
— Draw k independent sets S1, ..., Sk, each of size n — 1. By independence,

) 1\*
Pg,~pn-1,__s,~pn-1|Vi: Lp(Qs,) > €] < (§> .
— By setting k = log,(1/9), the failure event above happens with probability at most 4.

e Validation:

— We need this step to choose which Q)g, to return. We draw an extra dataset S of size
O((log(k) + log(1/6))/e) and output the Qg, which achieves smallest error on S.

Note that this result is slightly different than the realizable PAC-learnable sample complexity
given in

Next Class. We will have final presentations & pizza! This is the end of my notes. Thank you.
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